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INTRODUCTION 

 

The general characteristics of the dissertation. The PhD dissertation is 

devoted to the theoretical research of properties of stable white dwarfs (WDs) with a 

main focus on the effects of general relativity (GR), finite temperatures, nuclear 

composition and rotation. 

The relevance of the dissertation. A white dwarf or degenerate dwarf is one of 

the classes of compact objects which are the end-products of stellar evolution. In 

general, there are three main classes of compact objects: WDs, neutron stars (NSs) 

and black holes (BHs). These objects are called compact objects because of their 

large masses and small sizes and, correspondingly, high densities. A WD is the final 

stage in the evolution of main sequence stars with masses from         to      [1] 

(even up to       according to some studies [2]). This range covers the 

overwhelming majority of normal stars formed in our galaxy (the Milky Way), 

including our Sun, and that is why WDs will present the most common end-products 

of stellar evolution. The lower limit of a main sequence star mass is associated with 

the impossibility of the occurrence of a thermonuclear helium synthesis reaction. If 

the mass of the main sequence star is more than the upper limit it will become a NS, 

not a WD. It is thought that more than 97% of the normal stars in our galaxy will 

finally end as a WD [1]. 

After, a main sequence star of low or medium mass runs out of the nuclear 

fusion of hydrogen into helium, it expands, becoming a red giant. The red giant is 

supported by thermonuclear reactions of the converting helium into carbon and 

oxygen. If the mass of the red giant is insufficient to raise the core temperature to the 

level necessary for thermonuclear reactions involving the obtained carbon, it 

accumulates in the star‟s core, together with oxygen. A star discards its outer shell, 

forming a planetary nebula, and the former core of the star becomes a white dwarf 

composed of carbon and oxygen. However, depending on the initial mass of the star, 

thermonuclear reactions can also stop on helium (for stars with a very small mass) or 

on neon (for massive stars), which will lead to the formation of WDs consisting 

respectively of helium or oxygen, neon and magnesium [3, 4].  

There is no nuclear fusion in the interior of the WD like in a normal star. 

Consequently, it is not the thermal pressure force keeping the white dwarf in 

hydrostatic equilibrium. The pressure support in the WD is provided by a degenerate 

electron gas, whereas most of the mass density is due to a nondegenerate gas of ions 

[5, 6]. The maximum mass of a non-rotating white dwarf cannot exceed the 

Chandrasekhar mass limit of        [7] beyond which even the degenerate electron 

gas cannot prevent the WD from gravitational collapse or type Ia supernova 

explosion [8], which takes place as a result of accretion or merger. However, the 

maximum mass of a rotating white dwarf can exceed the Chandrasekhar mass limit 

[9-17]. 

WDs are important to understand the expansion of the universe in cosmology in 

terms of type Ia supernova explosions, since they can provide independent 

information about the age of our galaxy and their distribution contains information 
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about star formation history and subsequent evolution. Also, type Ia supernovae are 

used as standard candles in astronomy to estimate distances to remote galaxies and 

study the nature of dark energy [18, 19]. Since the progenitors of white dwarfs lose 

carbon, nitrogen and oxygen on the stage of the main sequence star, they make a 

significant contribution to the chemical evolution of our galaxy, and possibly are an 

important source of life sustaining chemical compounds. Thus, all these facts fully 

justify the relevance of this PhD thesis. Therefore, it is important to study the 

formation, physical properties, stability and evolution of WDs and to construct a 

realistic model for them. 

Relation of the dissertation with other research projects. The work has been 

carried out within the plans of the following research projects of Ministry of 

Education and Science of the Republic of Kazakhstan: 1) «Investigation of white 

dwarfs taking into account temperature and rotation in general relativity» (2015-

2017, 3101/GF4, State registration No. 0115RK01047); 2) «Investigations on rotating 

and deformed objects in general relativity and relativistic astrophysics» (2013-2015, 

1597/GF3, State registration No. 0113РК00369). 

The purpose of the dissertation is to investigate the properties of equilibrium 

configurations of white dwarfs with a main focus on the effects of general relativity, 

finite temperatures, nuclear composition and rotation. 

To achieve the purpose of the dissertation the following research tasks have 

been posed: 

– To study both interior and exterior metrics of Einstein‟s field equations in 

order to describe gravitational field of white dwarfs; 

– To study the effects of general relativity, finite temperatures and nuclear 

composition on the structure of non-rotating white dwarfs; 

– To study the influence of rotation on the structure of white dwarfs both in 

Newtonian gravity and general relativity; 

– To study dependence of I-Love-Q and I-Love-e relations in the case of 

rotating white dwarfs with different equations of state.  

The object of the research. Equilibrium configurations of cold and hot, static 

and rotating, classic and relativistic white dwarfs.  

The subject of the research. The main parameters of stable, cold and hot, static 

and rotating white dwarfs such as mass, radius, central density, central pressure, 

moment of inertia etc.  

Research methods. The methods of tensor analysis and general relativity, the 

numerical methods for integrating differential equations, the method of perturbation 

theory and the Hartle formalism are used. 

Scientific and practical value of the dissertation. The obtained results can be 

directly used to explain the observational data in the analysis and in the investigations 

of problems in astronomy, relativistic astrophysics, physics of white dwarfs and 

cosmology. 

The main provisions submitted for the defense: 

1. The mathematical and physical equivalence of the approximate stationary 

axially symmetric the Hartle-Thorne and Sedrakyan-Chubaryan solutions of Einstein 
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field equations (up to second order in angular velocity) that describe the gravitational 

field of astrophysical compact objects including white dwarfs in the limiting case of 

slow rotation and small deformation. 

2. The effects of general relativity become significant in the mass-radius relation 

for white dwarf masses closer to the Chandrasekhar limit, thermal effects are most 

clearly pronounced for white dwarf masses lower than the Chandrasekhar limit, while 

rotation and nuclear composition are important for the entire mass range of white 

dwarfs.   

3. The core temperatures of white dwarf-satellites in the binary systems of 

millisecond pulsars PSR J1738+0333, PSR J1012+5307 and PSR J1911-5958A 

estimated to be in the range (1.55-6.5)×10
7
 K, (1.4-2.4)×10

7
 K and (0.4-9.5)×10

7
 K, 

respectively.  

4. The I-Love-Q (the moment of inertia, the rotational Love number and the 

quadrupole moment) and I-Q-e (the moment of inertia, the quadrupole moment and 

the eccentricity) relations are universal and independent of the equations of state 

(Chandrasekhar and Salpeter equations of state) of white dwarfs. 

Novelty of the work. The following results have been obtained for the first time 

within this dissertation: 

– A set of algebraic expressions relating the total mass, angular momentum and 

mass quadrupole moment of the Hartle-Thorne solution with the integration constants 

of the Sedrakyan-Chubaryan solution. Alternatively, the relevant multipole moments 

of both solutions have been calculated and it has been shown that they are identical. 

The mathematical and physical equivalence of the two metrics has also been proven. 

– The mass-radius relations of white dwarfs taking into account the effects of 

general relativity, finite temperatures, nuclear composition and rotation were 

calculated. 

– The core temperatures of white dwarf-satellites in the binary systems of 

millisecond pulsars PSR J1738+0333, PSR J1012+5307 and PSR J1911-5958A, have 

been estimated using the graphical method..  

– The I-Love-Q and I-Love-e relations for white dwarfs have been shown to be 

universal and independent of the Chandrasekhar and Salpeter equations of state. 

The personal contribution of the author. The author was directly involved in 

setting the research task together with scientific advisers, carrying out all the 

analytical and numerical calculations, doing comparisons and analysis of the results, 

summarising conclusions, presenting the obtained results at the international 

conferences, preparing the results of the work for publications. 

Reliability and validity of the results. The well-known physical models, 

mathematical methods approved and generally accepted in scientific community have 

been used in the thesis. The results obtained in the thesis are in good agreement with 

the ones in the literature and observational data. Furthermore, the reliability and 

validity of the thesis results are confirmed by publications in the journals with high 

impact factors indexed by Scopus and Web of Science and in the journals 
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recommended by the Committee for the Control of Education and Science of the 

Ministry of Education and Science of the Republic of Kazakhstan and in the materials 

of local and foreign international scientific conferences.  

Approbation of the dissertation. The results of the work were presented and 

discussed at the following foreign and local international conferences: 

– XII-th International Conference on Gravitation, Astrophysics and Cosmology, 

Dedicated to the centenary of Einstein‟s General Relativity theory (Peoples‟ 

Friendship University of Russia, Moscow, Russia, June 28-July 5, 2015); 

– The Fourteenth Marcel Grossmann Meeting on Recent Developments in 

Theoretical and Experimental General Relativity, Astrophysics, and Relativistic Field 

Theories  (Sapienza University of Rome, Rome, Italy, July 12-18, 2015);  

– The V-th International scientific conference «Physics and Physical Education: 

Achievements and Development Prospects» (Kyrgyz National University, Bishkek, 

Kyrgyzstan, September 21, 2015); 

– 9-th Alexander Friedmann International Seminar on Gravitation and 

Cosmology and 3-rd Satellite Symposium on the Casimir Effect (Saint Petersburg, 

Russia, June 21-27, 2015); 

– 9-th International scientific conference «Modern achievements of physics and 

fundamental physical education» (Al-Farabi Kazakh National University, Almaty, 

Kazakhstan, October 12-14, 2016); 

– Supernovae, Hypernovae and Binary Driven Hypernovae, An Adriatic 

Workshop (International Center for Relativistic Astrophysics Network, Pescara, Italy, 

June 20-30, 2016); 

– Phenomenology of Strong Gravity Workshop (Nazarbayev University, Astana, 

Kazakhstan, September 14-16, 2016); 

– 5-th International conference on Cosmology, Relativistic and Nuclear 

Astrophysics (Al-Farabi Kazakh National University, Almaty, Kazakhstan, October 

31-November 4, 2017); 

– International Scientific Conference dedicated to the 80-th anniversary of 

Academician of the NAS RK Abdildin M.M. Abdildin readings: Actual Problems of 

Modern Physics (Al-Farabi Kazakh National University, Almaty, Kazakhstan, April 

12-15, 2018); 

– International scientific conference of students and young scientists «FARABI 

ALEMI» (Al-Farabi Kazakh National University, Almaty, Kazakhstan, April 13-16, 

2015; April 14-16, 2016; April 10-13, 2017; April 10-13, 2018; April 8-11, 2019); 

– The 6-th International Workshop «Nuclear Physics, Nuclear Astrophysics and 

Cosmic Rays» (Al-Farabi Kazakh National University, Almaty, Kazakhstan, April 

16-18, 2019). 

Publications. According to materials presented in the dissertation 30 works 

have been published in total. 6 articles were published in the international journals 

and conference proceedings indexed in Scopus (Elsevier, Netherlands) and Web of 

Science (Clarivate Analytics, USA). 7 articles were published in journals 

recommended by Control Committee of Education and Science of the Ministry of 

Education and Science of the Republic of Kazakhstan. 1 article was published in the 
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scientific journal of the Republic of Kazakhstan. 16 abstracts and articles were 

published in the materials of local and foreign international scientific conferences. 

The volume and structure of the dissertation. The dissertation consists of a 

title page, content, abbreviation list, introduction, five sections, conclusion and 

reference list with 161 sources. It contains 7 tables and 65 figures. The total volume 

of the dissertation is 135 pages. 
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1  EQUATIONS  OF  STATE  OF  WHITE  DWARF  MATTER 

 

In this section, the Chandrasekhar [7], the Salpeter [20, 21], and the Feynman-

Metropolis-Teller (FMT) [22] equations of state and their extensions which can be 

used to describe WD matter are considered. The classical work of Feynman, 

Metropolis and Teller [22] for compressed atoms is extended to the relativistic 

regimes in the work of Rotondo et al. [23], as well as, to the case of finite 

temperatures by S.M. de Carvalho et al [24, 25]. As a result, they have constructed 

the corresponding EoSs of the system.  

 

1.1 The Chandrasekhar equation of state at zero temperature 

The EoS of a degenerate WD substance, in the simplest case, determines the 

dependence of the total pressure on the total energy density. The substance of WDs 

consists of electrons and positively charged ions (naked nuclei). In this case, 

electrons are considered as a completely degenerate free electron gas and they are 

described by Fermi-Dirac statistics. In the Chandrasekhar approximation [7, 24, 26], 

the Coulomb interaction between nuclei and electrons and of course, between 

electrons is ignored and the distribution of electrons, as well as ions, is assumed to be 

locally constant. Consequently, the condition of local charge neutrality is given by 

 

 ,e nn
A

Z
n   (1.1) 

 

where en  is the electron number density, Z  is the number of protons, A  is the average 

atomic weight, nn  is the number density of nucleons. At the complete degeneracy, all 

the lower energy levels are filled up to some maximum level, called the Fermi level. 

The number density of total degenerate electron gas at the Fermi level is defined as 

 

 
   

 
,

32

8

2

2
32

3

e

0

2

3

3

0 3e

ee

 





F
pp p

dpppdn
FF

   (1.2) 

 

where 
Fpe  is the Fermi momentum of electron,   is the reduced Planck constant. 

Within the Chandrasekhar‟s approximation, the total pressure is due to the 

pressure of electrons eP  since the pressure of positive ions nP  (naked nuclei) is 

insignificant whereas the energy density is due to the energy density of nuclei n  as 

the energy density of the degenerate electrons e  is negligibly small. Thus, the 

Chandrasekhar EoS at zero temperature is given by 

 

 ,e

2

e ncm
Z

A
nnnCh    (1.3) 
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 ,ee PPPP nCh    (1.4) 

 

where nm  is the mass of the nucleon, n  is the energy density of nucleons, e  is the 

energy density of degenerate electrons, nP  is the pressure of nucleons (positive ions 

or naked nuclei), eP  is the pressure of electrons. The ratio of the atomic number A  to 

the number of protons Z  is usually denoted in the literature as ZA  and in our 

diagrams, for simplicity all calculations for the Chandrasekhar EoS were carried out 

taking the value of 2 . 

The total energy density of degenerate electron gas is written in the following 

form, although it is neglected in the Chandrasekhar EoS   

 

    
 

    e

2

e

2

ee32

54

e

0
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e

22

3e arsinh211
8

4
2

2
yyyy
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dppcmcp

F
ep
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


 ,  (1.5) 

 

and the total electron pressure is defined as 
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where  cmpy F

eee   is the dimensionless Fermi momentum of electrons, em  the 

electron mass. It should be noted that  earsinh y  in the equations (1.5) and (1.6) can be 

replaced by  2

ee 1ln yy  . 

The expressions of the Chandrasekhar EoS system at zero temperature (1.3) and 

(1.4) are given by  
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     ,1ln132
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e yyyyyK
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





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where nK  is defined by    3254 32 /cmK nn  . As it was mentioned above the energy 

density  RChCh    is determined only by the nuclei, while the pressure  RPP ChCh   is 

determined by means of the degenerate electron gas. 

Let us consider an EoS of the form  PP  . In the following, we will focus on 

two extreme cases: 1e y
 and 1ey , i.e. cmpF

ee   and cmpF

ee  , respectively. In 

the former case, the kinetic energy is much smaller than the rest mass of the 
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electrons, i.e. that is the nonrelativistic case. Considering the equation for the 

pressure for cmpF

ee  , one finds that 

 ,3

5

relnonKP    (1.9) 

 

where    35

e

35

e

23432 53 urelnon mmπK   is the constant. 

For the relativistic case cmpF

ee  , we obtain 

 

 3

4

relKP    (1.10) 

 

where    34

e

343231 43 urel mcπK   is the constant. In general, the relation of the form  

 

 
ГKP   (1.11) 

 

is called a polytropic EoS. In the polytropic of form of EoS both K  and Г  are 

constants. It is also important to note that the EoS (1.3, 1.4) and (1.7, 1.8) can be 

written in the approximate polytropic form as in (1.9) and (1.10) [5].  

 

1.2 The Chandrasekhar equation of state at finite temperatures 

In general, the expression for the electron number density follows from the 

Fermi-Dirac statistics and, when temperature is taken into account, it is determined 

by 
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where 11610381   Kerg.kB  is the Boltzmann constant, e  is the electron chemical 

potential without the rest-mass, and   2

e

42

e

22 cmcmpcpE   is the kinetic energy, 

with p  and em
 being the electron momentum and rest-mass, respectively.  

Formula (1.12) takes into account the effects of finite temperatures, and can be 

written in the following alternative form [27] 
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is the relativistic Fermi-Dirac integral,  ,e TkB    TkEt B  and 2

ecmTkB  

are degeneracy parameters. 

Consequently, the energy density of degenerate electron gas at finite 

temperatures is given by 

 

      ,,F,Fcm 


 2523

2554

e32

23

e
3

2



 (1.15) 

 

the electron pressure at finite temperatures 
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FFcmP


 (1.16) 

 

1.3 The Salpeter equation of state 

The extension of the Chandrasekhar approximation has been developed in the 

so-called “lattice” model which introduces the concept of a Wigner-Seitz cell, as well 

as, takes into account the contribution of the electrostatic interactions to the pressure 

of the degenerate electron gas. The Wigner-Seitz cell contains a point-like nucleus of 

charge eZ  with A  nucleons located at the center and surrounded by a uniformly 

distributed cloud of Z  fully-degenerate electrons [24, 26]. However, the electron 

distribution cannot be uniform. A further improvement to the lattice model was made 

by Salpeter [20, 21] who considered the corrections due to the following effects: the 

Coulomb interaction energy, the non-uniform distribution of electrons inside a 

Wigner-Seitz cell (Thomas-Fermi correction), exchange energy, correlation energy. 

But, only main interactions as the Coulomb interaction, Thomas-Fermi correction are 

considered here. According to the general approach of Migdal et al. [24, 28], it has 

been shown that these effects are negligible in the relativistic regime [23]. There are 

not electrostatic interactions between the different Wigner-Seitz cells by the global 

neutrality of each cell. The condition of the global charge neutrality is 

  

 
WSn

n
nVZ e

eWS  , (1.17) 

 

where 34 3

WSWS πRV   is the Wigner-Seitz cell volume of radius WSR  and WSn  is the 

Wigner-Seitz cell density. 
The total energy of the Wigner-Seitz cell will be written   

 

 Sal

TFССhSal EEEE  , (1.18) 

 

where 
WSСhСh VE  , 

Ch  is the energy density of the Chandrasekhar approximation and 

the total Coulomb energy СE
 
is the sum of the electron-nucleus 

nE e
 and the electron-

electron 
eeE  Coulomb energies  
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and the Thomas-Fermi correction 
Sal

TFE    
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
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
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The self-consistent pressure of the Wigner-Seitz cell is then given by 
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where     42

e

2

e

2

eee cmpcnP F

e   is the electron free-chemical potential. 

Here, for the sake of simplicity, we will define the energy density exactly as in 

the case of Chandrasekhar [7]. However, the electron-electron and electron-nuclei 

Coulomb interactions and the Thomas-Fermi corrections, which consider deviations 

of the electron charge distribution from uniformity, have been accounted when 

constructing the expression for the pressure of the degenerate WD matter [20, 21], 

 

 
ChSal
  ,  (1.23) 

 

 
TFCChSal

PPPP  , (1.24) 

 

where 
TFC PP   are the contributions to the pressure due to the Coulomb interactions 

and the Thomas-Fermi corrections. This sum is given by 
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,  (1.25) 

 

where 0361371 .  is the fine structure constant, 
em  is the electron mass, с  is the 

speed of light,   is the reduced Planck constant, Z  is the number of protons, 
ey  is the 

dimensionless Fermi momentum of electrons [29]. 
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1.4 The Feynman-Metropolis-Teller equation of state 

Feynman, Metropolis, and Teller have demonstrated in their work [22-24] how 

to derive the EoS of matter at high pressures by considering a Thomas-Fermi model 

confined in a Wigner-Seitz cell of radius RWS.  

The condition of equilibrium of the degenerate nonrelativistic electrons in an 

atom is expressed by 

 
 

eV
m

p
E

F
F 

e

2

e
e

2
,  (1.26) 

 

where FEe  is constant Fermi energy of electrons, Fpe  
is the electron Fermi momentum,

 

em
 
is the electron mass, e

 
is the elementary charge which is the magnitude of the 

electric charge carried by a single electron, V  is the Coulomb potential. 

The electrostatic potential (for 0r ) can be found solving the differential 

Poisson equation 

 

 e

2 4 enV  ,  (1.27) 

 

where 


 is the nabla operator and we know from the Eq. (1.2) that the electron 

number density 
en  is related to the Fermi momentum Fpe  by 

 

 
 

32

3

e
e

3 

Fp
n  .  (1.28) 

 

It is very convenient to use dimensionless units in the numerical consideration of 

differential equations. Defining a function    by the expression 

 

 
 
r

ZeEeV F

e

2 , (1.29) 

 

and introducing the new dimensionless radial coordinate   as 

 

 br   , (1.30) 

 

where   BohrrZb
312 1289  and  2

e

2 emrBohr   is the Bohr radius.  

The expression for the electron number density (1.28) takes the following form 
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Z
eVEmn F


, (1.31) 

 

when one takes into account the expressions (1.26), (1.29) and (1.30). After some 

simple transformations Eq. (1.27) can be written in the form 
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which is the classic Thomas-Fermi equation [30, 31]. A first boundary condition for 

the equation (1.32) follows from the pointlike structure of the nucleus 

 

   10  . (1.33) 

 

A second boundary condition comes from the global neutrality of the Wigner-Seitz 

cell 
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where bRWS0  defines the radius 
WSR  of the Wigner-Seitz cell. As you can see, Eq. 

(1.32) is nonlinear second order differential equation and it has to be solved 

numerically with the given boundary conditions.  

If one considers the relativistic case, the relativistic equilibrium condition of 

compressed atoms for the degenerate case is expressed by 

 

    reVcmcmсpE FF  2

e

42

e

2

ee  , (1.35) 

 

which generalizes the Eq. (1.26). Traditionally the radius of an extended nucleus is 

given by the phenomenological relation 31

0 ArRC  , where A  is the number of 

nucleons and 13

0 1021  .r  cm. It was assumed a constant distribution of protons 

confined in a radius 
CR  defined by 

 

 3/1Z
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 ,  (1.36) 

 

where   is a parameter such that  11   corresponds to nuclear (supranuclear) 

densities when applied to ordinary nuclei and m  is the pion mass. 

The proton density can be written as 
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where  CRr   is the Heaviside function. 

The electron density is given by 
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where V  is the Coulomb potential. The Coulomb potential satisfies the Poisson 

equation 

 

  e

2 4 nnπeV p  ,  (1.39) 

 

By substituting the proton number density (1.37) and the electron number density 

(1.38) into the Poisson equation (1.39), moreover, by introducing the new 

dimensionless quantities /rx  , /C CRx  , where  cm   and the function, 

 Z , one can obtain the relativistic dimensionless Thomas-Fermi equation 
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where  сe 2 is the fine-structure constant in CGS units. The relativistic 

dimensionless Thomas-Fermi equation can be integrated by the boundary conditions 
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where WSWS Rx   is the dimensionless Wigner-Seitz cell radius. 

The total energy of the Wigner-Seitz cell can be written as the sum of the 

nucleus, kinetic and Coulomb energy of the cell 

 

 
CknWS

EEEE  ,  (1.42) 

 

and the energies are given by 

 

   2, cZAME nn  ,  (1.43) 
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where 
nM is the nucleus mass, 

e  is the electron energy density which is given by the 

Eq. (1.5) 

The total pressure of the Wigner-Seitz cell is  
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where WSye,  is the dimensionless Fermi momentum of electrons at the border of the 

Wigner-Seitz cell.  

The total pressure at the border of the Wigner-Seitz cell is determined by the 

pressure of the relativistic degenerate electron gas as in the case of the Chandrasekhar 

EoS. Undoubtedly, the tоtal energy density 
WS or the mass density 

WS  can be 

obtained from the Eq. 1.42. Overall, the functional dependence of the total pressure 

on the total energy density (or the total mass density) defines the FMT EoS.  

 

1.4 The Feynman-Metropolis-Teller equation of state at finite temperatures 

The work of Feynman-Metropolis-Teller for compressed atoms has been 

recently generalized to relativistic regimes in [23]. Further, this treatment was 

extended to the case of finite temperatures and constructed the corresponding EoS of 

the system in [24, 25]. It is considered the equations of equilibrium of a relativistic 

gas of electrons at a temperature 0T  surrounding a finite-sized and positively 

charged nucleus of mass and atomic numbers A  and Z , respectively. The electron 

cloud is confined within a radius 
WSR  of a globally neutral Wigner-Seitz cell and the 

system is isothermal. For the further details see the Ref. [24, 25]. 

In the work de Carvalho et al. [25] they have considered temperatures that 

satisfy 92 106 Be kcmT  K, so they did not take into account the presence of 

antiparticles. In this case, the Thomas-Fermi equilibrium condition for the relativistic 

electron gas is defined as  

 

         const, reVrTkreVr~
Be    (1.47) 

 

where  rV  is the Coulomb potential. 

The total energy of each Wigner-Seitz cell for the case of finite temperatures is 

 

 
CknWS EEEE  ,  (1.48) 

 

where 
nE  is the nucleus energy, 

kE  is the kinetic and 
CE  is the Coulomb energy. 

They are defined as  
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where TkU Bther 23  is the thermal energy of nuclei,  rV  is the Coulomb potential, 

the number density of electrons en  is given by the Eq. (1.13), the number density of 

protons is given by the Eq. (1.37) and the electron energy density e  is given by 
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The total density and pressure at finite temperatures are then given by 

 

 e

2 ,)( PPPVcEρ nWSWS   , (1.53) 

where  
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with WS
 being the value of   at the boundary of the Wigner-Seitz cell. 

 

1.5 Summary 

In the section 1, we analyzed the equations of state which are used to describe 

the interior matter of WDs, in particular, the Chandrasekhar EoS at zero temperature 

and its approximate polytropic forms at non-relativistic and relativistic cases, the 

Salpeter EoS and the Feynmann-Metropoilis-Teller EoS at zero temperature and 

finite temperatures. The EoS completes the equations of stellar structure and allows 

to define the main parameters of WDs. These EoS are used in sections 3, 4 and 5. 
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2 EXTERIOR METRICS OF COMPACT OBJECTS AND THEIR 

COMPARISON 

 

In section 2 the exterior metrics of compact objects and their comparisons are 

considered, precisely, the comparison the Hartle-Thorne metric, which is an 

approximate solution of the Einstein equations, with an approximate Kerr metric, 

between the Fock and Kerr metrics. Furthermore, the exterior Sedrakyan-Chubaryan 

solution is derived explicitly and established its relationship with the Hartle-Thorne 

solution. 

In subsection 2.1 the procedure of comparison the exterior solutions of the 

Einstein gravitational field equations such as the approximate Hartle-Thorne solution 

and the exact Kerr solution is considered. To this end, the Kerr metric in the Boyer-

Lindquist coordinates was expanded in the Taylor series accurate within the quadratic 

terms in the rotation parameter, and thereby was presented in the approximate form. 

Furthermore, the coordinate transformations with a given accuracy, which link the 

approximate Kerr and Hartle-Thorne solutions were found using the methods of the 

perturbation theory. Despite the fact that the quadrupole moment implicitly enters 

into the Kerr metric, it was shown that one can express it via the angular momentum 

and the total mass of the source of the gravitational field. Thus, it was demonstrated 

that the physical quantities contained in the Hartle-Thorne solution such as the total 

mass, angular momentum and quadrupole moment directly connected to the total 

mass and the rotation parameter of the Kerr solution. The coordinate transformations 

obtained here can be used to write the Hartle-Thorne metric in the Boyer-Lindquist 

coordinates, and in turn it is equivalent to the approximate Kerr solution with the 

quadrupole parameter. From the practical standpoint, the approximate Kerr solution 

with the quadrupole parameter has wider application for the description of the 

geometry around real objects, because in the absence of the quadrupole momentum 

the solution reduces to the initial approximate Kerr solution within the accuracy up to 

the second order terms in the rotation parameter [32].  

In subsection 2.2 the procedure of comparison between the Fock approximate 

solution and the Kerr exact solution is considered. Since the Kerr and Fock metrics 

are widely known in the scientific communities, we will use the final form of the 

metrics without going into their detailed derivation. The methods of perturbation 

theory are applied within the approximation ~1/c
2
. Approximate coordinate 

transformations, allowing the comparison between the Fock and Kerr metrics, have 

been obtained analytically. The proposed method is applicable to other external 

approximate solutions of Einstein‟s equations [33, 34]. 

In subsection 2.3 stationary axially symmetric solutions of the Einstein vacuum 

field equations are studied. They can be used to describe the gravitational field of 

astrophysical compact objects in the limiting case of slow rotation and slight 

deformation. The exterior Sedrakyan-Chubaryan approximate solution is derived 

explicitly, and expressed it in an analytical form, which makes it practical in the 

context of astrophysical applications. In the limiting case of vanishing angular 

momentum, the solution reduces to the well-known Schwarzschild solution in 
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vacuum. It is demonstrated that the new solution is equivalent to the exterior Hartle-

Thorne solution [35-37].  

 

2.1 Correspondence of the Kerr and Hartle-Thorne metrics 

The Kerr metric is an exact vacuum solution of the Einstein gravitational field 

equations in GR, describing the geometry around rotating uncharged bodies, thereby 

generalizes the Schwarzschild metric taking into account the rotation parameter [38]. 

The Kerr solution is the only known exact solution that can serve to describe a 

stationary axisymmetric asymptotically flat field outside a massive rotating object 

with two basic parameters, such as mass and the Kerr parameter (rotation parameter). 

According to scientific consensus, the Kerr solution is, apparently, the only possible 

exterior solution for rotating BHs [39]. It should be noted that there is also the Kerr-

Newman metric for rotating but charged BHs, which, in the absence of a charge, 

becomes the Kerr metric [40, 41]. It follows from the Kerr metric that some part of 

black hole energy can theoretically be extracted in the form of rotational energy [42]. 

This conclusion is essential for the models of quasars and active nuclei of galaxies, in 

which BHs are considered as the central source of all types of radiation [42]. 

However, until now it has not been possible to find the interior Kerr solution even in 

an approximate form [39]. This fact shows that the Kerr metric can be used only for a 

limited class of astrophysical objects, and it is not suitable for describing the exterior 

field of rotating real objects [39]. 

The Hartle-Thorne solution, often used in the literature to describe geometry 

around slowly rotating and slightly deformed objects in strong gravitational fields, is 

characterized by three multipole moments, such as total mass, angular momentum, 

and quadrupole moment [43, 44]. These parameters, in turn, allow us to describe real 

astrophysical objects from planet-like celestial bodies up to NSs [45, 46]. One of the 

most important characteristics of this family of solutions is that the corresponding 

equations of state were constructed using realistic models of the internal structure of 

relativistic stars. Semi-analytical and numerical generalizations of the Hartle-Thorne 

metric with more complex equations of state were proposed by various authors [47]. 

The most complete review of these solutions is given in [48]. In all these cases, 

however, it is assumed that the multipole (quadrupole and octupole) moments are 

relatively small and the rotation is slow [32]. 

 

2.1.1 The exterior Hartle-Thorne metric 

Taking into account second-order corrections in angular velocity, the structure 

of compact objects can be approximately described by means of total mass, angular 

momentum, and quadrupole moment. An important consequence of this 

approximation is that the equations of equilibrium reduce to a system of ordinary 

differential equations. Hartle and Thorne [43, 44] have investigated the gravitational 

field of rotating stars in the approximation of slow rotation. This formalism can be 

applied to most of compact objects, including pulsars with millisecond rotation 

periods. 
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An additional property of this formalism is that it can be used to match an 

interior metric with an approximate exterior metric. In this regard, it is worth noting 

that the problem of junction of interior and exterior solutions implies many 

mathematical and physical difficulties [48], including the calculation of metric 

functions and coordinates on the junction surface, as well as the physical behavior of 

such internal parameters as pressure and density distribution of substance. 

The Hartle-Thorne metric in coordinates ( t , R , , ), describing the exterior 

field of a slowly rotating and slightly deformed object has the following form: 

 

   

 

     dtd
R

J
ddPkR

dR
R

J

R

M
Pk

R

M

dt
R

J

R

M
Pk

R

M
ds






































































2222

23

2

2

4

21

22

1

22

4

21

21

2

sin
4

sincos21

2
12cos21

2
1

1cos2
2

12cos21
2

1

  (2.1) 

 

where 

,1
/

8

5
1 2

23

2

3

2

1 




















M

R
Q

M

MJQ

R

M

MR

J
k  

,
6

4

2

12
R

J
kk 

 

,1
2

1
4

5 1

2

21

2

2

4

2

13 























M

R
Q

R

M

RM

M/JQ

R

J
kk

/

 
 

are functions of the coordinate R . In turn, the functions 
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are the associated Legendre polynomials of the second kind, whereas 

  )1cos3)(2/1(cos 2

2 P  is the ordinary Legendre polynomial of the first kind and 

1/  MRx , the constants M , J , and Q , and are the total mass, angular momentum 

and quadrupole moment of the rotating object, respectively. This kind of metric 

corrects some typos in the original work of Hartle and Thorne [43, 44]. 

Unlike other solutions of the Einstein equations, the Hartle-Thorne solution has 

an internal counterpart, which makes it more practical with respect to the exact 

solutions. All internal functions are interrelated with the external ones. Thus, the total 

mass, angular momentum and quadrupole moment of a rotating star are determined 

through the constants obtained by numerical integration of both interior and exterior 

solutions, by applying the matching conditions on the surface of the star [32]. 
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In general, this metric represents an approximate vacuum solution with accuracy 

up to the second order in angular momentum J  and up to the first order in the 

quadrupole moment Q . In the case of ordinary stars, such as the Sun, in view of the 

gravitational constant G  and the speed of light с , the metric (2.1) can be simplified 

because of the smallness of the parameters: 
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For this particular case, we can calculate the corresponding approximate metric from 

(2.1) in the limit of с . These calculations are simple and lead the metric to the 

following form 
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It describes the gravitational field for a wide range of celestial bodies, and only in the 

case of very dense  RcGM 2~  or rapidly rotating 23~ RcGJ  objects, it shows large 

discrepancies. 

In the case where the source does not rotate and its angular velocity is zero 

,0  then, respectively 0,0  QJ , and the Hartle-Thorne solution reduces to an 

exact exterior Schwarzschild solution in standard coordinates. In the absence of a 

quadrupole moment, the Hartle-Thorne solution reduces to the Lense-Thirring 

solution, while preserving the linear terms with respect to the angular momentum. It 

can also be shown that in the absence of angular momentum, the Hartle-Thorne 

metric can be compared with the approximate Erez-Rosen solution using the 

appropriate coordinate transformations. For this, the Erez-Rosen metric is expanded 

in a series with an accuracy up to linear terms in the quadrupole parameter [49]. 

However, these calculations are beyond the scope of this work and are not considered 

here. On the other hand, it would be logical to assume that the Hartle-Thorne metric 

can be compared with the approximate Kerr metric in the absence of a quadrupole 

moment, preserving the angular momentum. In this subsection we will find out why 

this assumption has not been shown by anyone yet. In this connection, we follow the 

work of Hartle and Thorne and show that the approximate Kerr metric, with an 

accuracy up to quadratic terms with respect to the rotation parameter, is compared 

with the Hartle-Thorne metric, only in the unique case when there is a genuine 

quadrupole moment of the field source, defined through its angular momentum. 

It should be noted that, unlike the exact axially symmetric, stationary and 

asymptotically flat solutions of the Einstein equations, the exterior Hartle-Thorne 

metric has its own internal counterpart, i.e., interior metric. It is this difference in the 
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Hartle-Thorne metric that makes it popular in the scientific field and gives it a wider 

applied character [32]. 

 

2.1.2 The Kerr metric 

To describe the gravitational field of a rotating body outside the source, it is 

physically reasonable to assume that the exterior vacuum metric must be 

asymptotically flat. In this case, the first obvious candidate is the Kerr solution in the 

appropriate limit. The Kerr metric [38] in the Boyer-Lindquist coordinates ( ,t ,r ,  ) 

[50] can be written in the form: 
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where m  is the total mass and a  is the rotation parameter of the field source. 

We recall that in the absence of a rotation parameter 0a , the Kerr metric 

reduces to the exact exterior Schwarzschild metric in standard coordinates. Then it 

will be clear that the total masses in the Kerr and Hartle-Thorne metrics are identical, 

i.e. Mm  . If we expand the Kerr metric with an accuracy up to linear terms with 

respect to the rotation parameter, then we will undoubtedly obtain the Lense-Thirring 

metric, which implies that the rotation parameter of the body is directly related to the 

angular momentum MJmJa //   of the body [49]. 

To compare the Kerr metric and the Hartle-Thorne metric, the Kerr metric must 

be expanded in a Taylor series with respect to the quadratic terms of the rotation 

parameter, so that both metrics have the same approximations (accuracy). For the 

convenience of calculations, we introduce the expansion parameter  , which is 

directly proportional to the angular momentum (angular velocity) of the body. Thus, 

by replacing aa  and expanding   it with respect to terms of order 2~  , we obtain: 

 

 

 
 

.dtd
r

ma
dr

r

m

r

a
dr

r

a

dr
mrr

rmra

mr

r
dt

r

ma

r

m
ds












2
222

2

2

22
22

2

222

2

2

2222
2

3

222
2

sin4
sin

sin2
11

cos
1

2

coscos2

2

cos22
1


































































  (2.5) 

 

In order to establish the relationship between two axially symmetric metrics, we 

represent the coordinates in the Kerr metric as a function of the coordinates of the 

Hartle-Thorne metric, that is, in the form  ,, Rrr    ,R . Then, using the 

perturbation theory, coordinate transformations should be sought in the following 

way:   ,1

22 RfaRr  ,   ,Rfa 2

22 , where  ,Rf1  and  ,Rf2  are the 

unknown functions. The differentials of the coordinates, respectively, will have the 

following form: 
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After this, the Kerr solution will be written in coordinates R  and   
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where we took advantage of the replacement MJa / . 

Now the Kerr metric is written in the same coordinates as the Hartle-Thorne 

metric. Taking into account the fact that the metrics are axially symmetric, we are 

only interested in the ttg  and g
 

components of the metric tensor, since these 

components remain invariant quantities because of the above-mentioned axial 

symmetry. Consequently, equating the components of the metric tensor with their 

analogs in the Hartle-Thorne metric, with a preliminary replacement ,JJ  ,2QQ   

we find the required functions  ,1 Rf  and  ,2 Rf : 
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where, as before 1/  MRx . 
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Now we consider the Rg
 component of the metric tensor in the expression 

(2.7). Since there are no metric tensor Rg  components in the original Kerr and 

Hartle-Thorne metrics, we need to substitute the values of the functions  ,1 Rf  and 

 ,2 Rf  into it, and also find a condition that Rg  vanishes. As a result, it turns out 

that the only condition that satisfies this requirement is the expression of the 

quadrupole moment through the angular momentum, i.e. MJQ /2  . The appearance 

of such a quadrupole moment is purely relativistic. 

Soon after Hartle and Thorne [43, 44] obtained this algebraic expression, based 

on the work of Hernandez [51], the quantity MJQQ Kerr /2  became known in the 

scientific literature as the “Kerr quadrupole moment”, since it is exclusively 

determined by the ratio of the square of the angular momentum to the mass. 

Taking into account the Kerr quadrupole moment, the coordinate transformation 

has the following form: 
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These coordinate transformations translate the Kerr solution (2.5) into the 

Hartle-Thorne solution (2.1) with an accuracy up to a second order in angular 

momentum, with a replacement ,Mm  ,/ MJa  and a specific quadrupole parameter 

MJQ /2 . Thus, we have shown that the approximate Kerr solution is equivalent to 

the exterior Hartle-Thorne solution with a definite value of the quadrupole parameter. 

For the inverse transition from the Hartle-Thorne metric to the Kerr metric, the 

coordinate transformations (2.9) must be written in the form of ),( rR  and ),( r : 
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with the same approximation 2~  . Here we also need to take into account the 

algebraic relations between the parameters of both metrics: ,Mm  ,/ MJa  and 

MJQ /2 [32]. 

We note that by introducing a new dimensionless quadrupole parameter 

)/)(/1( 23 MJQM   into the original Hartle-Thorne metric, and using the coordinate 

transformations (2.10) in the approximation 2~  , one can obtain an approximate Kerr 

metric with a quadrupole parameter. This metric is known in the literature as a 

“quasi-Kerr metric” [52, 53] and is widely used to describe processes around compact 

objects such as gravitational waves, quasi-periodic oscillations, etc. [54, 55]. It is 
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obvious that for ,/ MJa   MJQ /2 and the quasi-Kerr metric reduces to the usual 

approximate Kerr metric (5). This explains its wide application in various 

astrophysical calculations [56]. 

 

2.2 Correspondence of the Fock and the Kerr metrics 

The Fock metric [57-59] is a post-Newtonian approximate solution of the 

Einstein equations, which is used to describe geometry around an astrophysical object 

with a weak gravitational field and slow rotation. This metric was obtained in 

different years by Chandrasekhar (1965) and Abdildin (1985) in a general integral 

form [57, 58]. Although it was in the work [57] that the Fock metric was first 

obtained for a slowly rotating spherically symmetric object (liquid and solid) [60]. It 

was demonstrated that the exact solution of the Einstein equations for a rotating body, 

the so-called Kerr metric [38], reduces in a nontrivial way to the Fock metric 

corresponding to coordinate transformations in the weak-field and small velocity 

approximation [39, 58, 60]. However, until now it has not been possible to find an 

interior Kerr solution, even in an approximate form [39]. This fact shows that the 

Kerr metric, characterized by two multipole moments, such as the total mass and 

rotation parameter, can be used only for a limited class of astrophysical objects such 

as, for example, BHs [39]. 

One of the most important conceptual problems of GR is the determination of 

the gravitational field inside compact objects. In fact, it is known that in the case of 

static spherically symmetric objects, the gravitational field is completely described by 

the interior and exterior solutions of Schwarzschild [61]. However, even with 

allowance for the rotation of the body (the original equations are much more 

complicated), only the exterior exact metric is known as the Kerr metric, [38]. 

Physicists have been searching for an interior solution to the Kerr metric for more 

than 50 years, but so far any reasonable physical solution has not been found yet. In 

this regard,we will focus only on Fock‟s exterior solution, since there is an interior 

analogue for it [39,62]. 

To compare the Fock metric with the Kerr metric, the one should first compute 

in the Fock metric the integrals for an axially symmetric deformed body, depending 

on the internal structure [60, 39, 62, 63]. As a result, the Fock metric is derived for a 

slowly rotating deformed body with three parameters: total mass, angular momentum, 

quadrupole moment [39, 62]. Then we consider the limiting case for a spherically 

symmetric mass distribution, where the quadrupole moment of the body disappears 

[39, 60]. The Kerr metric is then written in approximation 2/1 c  in the Boyer-

Lindquist coordinates and coordinate transformations between the two metrics are 

found. As a result, both exterior solutions written in the same coordinates are 

compared with each other by very simple algebraic expressions [33]. 

 

2.2.1 Fock‟s approach 

To study the physical properties of solutions of the Einstein equations, Fock [63] 

proposed an alternative method in which the parameters entering the exterior metric 

are obtained using physical models for the internal structure of the body. This 
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approach takes into account the intrinsic properties of the gravitational source, and 

reduces the problem of finding an approximate interior solution to the calculation of 

some integrals that clearly depend on the physical characteristics of the object [59, 

60, 64]. Consequently, the significance of external parameters becomes more realistic 

and it is possible to determine certain aspects of the internal structure of an object 

with the help of observations conducted in the outer region of the body. Thus, in this 

subsection we present the main results of this approach and study the possibility of 

comparing with the Kerr metric. 

 

2.2.2 The interior solution 

The Fock metric of the first approximation was obtained and investigated in a 

rather simple form [58-60]. Initially, the metric was written in the harmonic 

coordinate system as follows: 
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where c is the speed of light in vacuum, G is the gravitational constant, U is the 

Newtonian gravitational potential, ρ is the body mass density, v is the particle 

velocity inside the body, Π is the elastic energy per unit mass, p is the pressure, and 

U


 is the gravitational vector potential. Note that the values ρ, v, Π and U, 

characterizing the internal structure of the source, depend only on the “internal” 

coordinates 
ix , which are determined only inside the body. To simplify the notation, 

we omit the arguments that determine the coordinates of this dependence. The 

corresponding energy-momentum tensor is given by 
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where δ
ij
 is the Kronecker symbol and i, j = 1, 2, 3. The Newton potential satisfies the 

equation ΔU= – 4πGρ. The solution of this equation, which satisfies the conditions at 

infinity, can be written in the form of a volume integral: 
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In addition, the gravitational vector potential must directly satisfy the equation ΔUi = 

–4πGρvi, then the general asymptotical flat solution can be represented in the form 
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2.2.3 Fock‟s metric for a deformed body  

Consider the case of deformed objects, such as, for example, a rotating ellipsoid. 

Obviously, if the shape of the body slightly deviates from the spherical symmetry, the 

body acquires additional multipole moments, in particular, the quadrupole moment 

[61]; moments of a higher order are insignificant, especially for a slowly rotating 

ellipsoid. We generalize the Fock metric so that the quadrupole moment can appear 

explicitly in the integration (2.11), as well as in the Newtonian potential. It should be 

noted that the definition of exterior and interior Newtonian potentials for a rotating 

ellipsoid is one of the classical problems of both theoretical and mathematical 

physics. Some examples for a homogeneous ellipsoid were considered in [61], but the 

most detailed information on this question was given in [65] and most recently in 

[66]. 

Thus, Fock‟s exterior solution describing the gravitational field of a slowly 

rotating and slightly deformed body in harmonic coordinates looks like this: 
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where M  is the total mass of a body, D  is the Newtonian quadrupole moment, 2/cD  

is the relativistic correction to the Newtonian quadrupole moment D, that is, the 

quadrupole moment arising due to rotation, 
0S  is the angular momentum of the body, 

 1cos3
2

1
)cos( 2

2  P  is the Legendre polynomial,   is the angle between the radial 

coordinate r and the z axis. This solution is axially symmetric with respect to the z 

axis, and the direction of 
0S  coincides with z [33, 39, 62]. 

 

2.2.4 Fock‟s metric for a spherically symmetric body 

In the limiting case with zero rotation 0=0S  and with the vanishing quadrupole 

moments 0== DD , the metric represents the approximate Schwarzschild solution in 

harmonic coordinates [63, 64]: 
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The investigation of the metric (2.15) shows that in the rough (zero) 

approximation for the case of slow rotation 00 S , and with the conservation of 
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spherical symmetry, this metric reduces to the approximate Fock metric considered in 

[58, 60] with the total mass M , and 
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Here   is the numerical factor characterizing the internal structure of the body, 

which is equal to [39, 58, 60] 
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Then the Fock metric takes the following form: 
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This is the refined Fock metric for the spherically symmetric mass distribution, 

obtained for the first time by Abdildin [58, 60]. Note that r  and   were redefined by 
R  and   in (2.19) in order to find relations of the metrics [33]. 

 

2.2.5 Relation between the Kerr and Fock metrics  

The Kerr metric is given in the geometric unit system by (2.4). Rewriting the 

Kerr metric with G  and с  by making following substitutions Mm  ,  cMSa 0  

and performing an expansion in a Taylor series with respect to 2/1 c , we obtain: 
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For purposes of comparison with the exterior Fock metric for a rotating spherically 

symmetric mass distribution, in addition, we introduce new coordinates ),(  Rrr , 

),(  R ; accordingly, coordinate transformations are necessary to seek with the 

help of perturbation theory methods in the form: 
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Substituting (2.21) into (2.20) and expanding in a Taylor series with respect to 2/1 c , 

we obtain: 
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In order to find ),(1 RF  and )(2 ,RF , we equate the tt  and   components of the 

metric functions in the Fock (2.19) and Kerr metric (2.22), respectively, we obtain: 
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To find the parameter of the internal structure k , we use the found values ),(1 RF  and 

),(2 RF  in the R  component of the metric tensor (2.22) and equate this component 

to zero, since it must disappear because of its absence in the original metrics. It 

follows that 1k  and finally obtain 
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Then the approximate Kerr metric (2.20) in harmonic coordinates can be reduced to 

the following form: 
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which coincides with (2.19) only for 1k . Consequently, the refined Fock metric 

(2.19) can be interpreted as a metric describing the exterior gravitational field of a 

rotating body of second order with respect to the angular velocity. The advantage of 

using this method is to find an approximate solution that allows us to determine an 

arbitrary constant k . In fact, in the case 7/4 Lkk  for a liquid sphere and 

1815 /kk S   for a solid sphere, the value of 1 Kkk  for the Kerr metric does not 

correspond to any specific internal model. On the other hand, all attempts to find a 

physically reasonable interior solution to the Kerr metric failed. Perhaps the relation 

with the formalism of Fock can shed light on the structure of the internal model of the 

Kerr metric [33]. 

 

2.3 On the equivalence of Hartle-Thorne and Sedrakyan-Chubaryan 

solutions 

Hartle have introduced a new method in the slow rotation approximation, 

extending the well-known interior and exterior Schwarzschild solutions, in order to 

investigate the gravitational field of uniformly slowly rotating and slightly deformed 

relativistic stellar objects [43]. This approach allows one to study the physical 

properties of hydrostatic equilibrium configurations of rotating astronomical bodies. 

Hartle and Thorne applied it for the first time to real astronomical bodies [44], using 

the Tsuruta-Cameron, Harrison-Wheeler and Harrison-Wakano-Wheeler EoS. Later, 

the approach became known as Hartle-Thorne‟s approach. There appeared a new 

series of researches modifying, extending and improving the original work of Hartle 

and Thorne by including higher-order multipole moments, corrections in the angular 

momentum and so on [48, 67]. In addition, the HF was tested, compared and 

contrasted with numerical calculations in full GR [45, 46]. Consequently, it was 

shown that the HF can be safely applied to investigate celestial bodies with 

intermediate periods of rotation. It shows noteable discrepancies from the full general 

relativistic simulations only for higher angular velocities, close to the mass-shedding 

limit [45, 46, 48]. 

Bradley and co-authors have developed similar methods in [68-71], where the 

slow rotation case is applied to build internal and external solutions for Einstein‟s 

gravitational field equations. In contradistinction to Hartle, Bradley and co-authors 

have solved the 6 independent Einstein equations without including the integral of the 

hydrostatic equilibrium equation in the case of uniformly rotating configurations. 

Additionally, Darmois-Israel‟s method was used to sew the external and internal 

solutions. For particular cases, Bradley and co-authors [68-71] have added the 

electric charge by solving Einstein-Maxwell‟s equations. 

Additionally, Konno and others [72] generalized the HF for in the non-rotating 

case to add deformations of relativistic stars owing to the presence of magnetic fields. 

Furthermore, Konno and co-authors [73] derived the ellipticity of deformed stars 

owing to the presence of both rotation and magnetic field, developing their previous 

works. This approach has become popular and found a wide application in physics of 

all types of magnetic stars [74-78]. 
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Independently from Hartle, Sedrakyan and Chubaryan have devised own 

specific method for calculation of the exterior gravitational structure of equilibrium 

uniformly rotating superdense stars within the approximation of small angular 

velocity. However this approach isn‟t so popular in the scientific community [79]. 

The corresponding internal solution and sewing technique were derived in 

Sedrakyan-Chubaryan‟s subsequent work [80]. The solution way of Einstein‟s field 

equations was very diverse from the Hartle formalism. Subsequent applications of 

Sedrakyan-Chubaryan‟s solution to WDs and NSs have been considered in several 

scientific articles, for exmaple, in [15, 81, 82]. The results of numerical calculation of 

Arutyunyan and his coworkers [15] were in accordance with the ones calculated by 

Hartle and Thorne [44], showing no contradiction between two solutions. In addition, 

Sedrakyan-Chubaryan‟s external solution was given in an analytical form in [15, 79-

82] and it needed an extra integration of one of the metric functions with a thorough 

consideration of the boundary conditions. This was possibly one of the basic reasons 

of why Sedrakyan-Chubaryan‟s solution isn‟t still well-known in scientific world. 

Actually, the aforementioned fact doesn‟t allow one to contrast and compare it 

directly with Hartle-Thorne‟s external metric. Indeed, it will be shown here that 

Sedrakyan-Chubaryan‟s and Hartle-Thorne‟s external solutions are related through a 

transformation of coordinates whose non-trivial term includes only the radial 

coordinate and the parameters‟ redefinition entering to the solution [35]. 

 

2.3.1 The solution of Sedrakyan-Chubaryan 

In this section, Sedrakyan-Chubaryan‟s approximate solution [79] is derived in 

detail. We restrict ourselves on the external solution for which all the metric 

functions will be derived. 

According to the procedure introduced in [79], the metric of axially symmetric 

rotating stars is considered in the following form 
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where   ,r ,   ,r ,   ,r  and  θrνν ,  functions depend on the radial 

r  and angular   coordinates. Notice that  ,   and ν  are proportional to even powers 

of the angular velocity  , although   is proportional to odd powers of  . Here, the 

approximation of the second order in   will be considered. It is required that the 

preceding line element satisfy the Einstein equations of the following form 
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Both the angular velocity   and the function   is zero ( 0,0   ) for the 

particular case so-called non-rotating configuration, in that case, the functions  ,   

and   depend only on the radial coordinate r . Apparently, for this particular case 

one easily gets Schwarzschild‟s external solution  
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m  is the mass of a non-rotating configuration. 

One can expand the functions  ,  ,  , and   in the metric (2.26) for a rotating 

relativistic star in Taylor series with respect to the angular velocity  , supposing that 

  to be small. It is suitable to use a dimensionless quantity  с 82  as a 

parameter for the Taylor expansion of the components of the metric tensor, where с  

is the density at the center of a star. Therefore, the metric functions are defined as 
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where U , Ф , f  are unknown functions and Schwarzschild‟s solution is represented 

by the functions 0 , 0 , 0 . The following relations are used for the purpose of 

finding the independent differential equations from Einstein‟s field equations 
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We expand all the metric functions in spherical harmonics in order to solve equations 

(2.35). As a result of this procedure, separation of variables becomes possible. After 

leaving only the parts that is responsible to the quadrupolar deformation, we get 
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where  cos0P  and  cos2P
 
are the first kind Legendre‟s polynomials  
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The spherical harmonics expansion contains only even values of l  due to orientation 

of the symmetry axis along the axis of rotation. Note that there are only two of l in 

the case of slow rotation approximation: 0l  and 2l . 

The Einstein tensor components 
0

3G  or 
3

0G  give a following differential equation 

proportional to  , 
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The general solution of the preceding differential equation is 
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where qС  is a constant to be defined from sewing of the internal and extertal 

solutions. 

We insert the equations (2.36), (2.37) and (2.38) to the equation (2.35), then 

expand the resultant equation with respect to   (up to the first order) for different 

values of l . As a result, one gets the following equations for the case of 0l : 
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The number of unknown functions is more than the number of equations in the 

above-mentioned system of differential equations that is why it is impossible to find 

their solution. Thus, an additional equation is needed for closing this system of 

equations. An analysis of the metric (2.26) shows that the relationship ttrr gg 1 is 

fulfilled to the ttg
 
and rrg  components of metric tensor in the lowest approximation 

of a spherically symmetric field. As a result, it is assumed that the condition 

   rrf 00   allows us to easily find a solution of the equations [79]. Additionally, if 

we set the following conditions   00 rU ,   00  r , then   00 rf at large 

distances, we get 
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where 
0UС and 

0f
С are the constants of the integration for the functions 0U and 

0f .  

Further, we can find the 2l  terms of the field equations from the equations 

(2.35) as   
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We express rU ,2  from the equation (2.49) in order to solve the above set of 

equations, after that we find rrU ,2 , then insert the resultant expressions to (2.48). In the 

result, we obtain the following relation 
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Therefore, the solutions of the equations (2.47), (2.48), and (2.49) can be represented 

in the forms 
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The constant of integration of (2.53) relates with 
2С  as  
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because of the condition for the asymptotic flatness   02 rU .  

In the end, the components of the metric tensor for the metric given by (2.26) 

are expressed as 

 

      

 
































































 2

43

2

3

322

220

22

2

3

22

00

2
1

4

321

222

22
1

2
1

cos1
2

1sinsin

200 r
r

mС

rrm

C

mrr

rCrmCC

r

m

Prr
r

m
r

r

C
eeg

qfUq

q



 

   

     

  

 
  ,

r

C

r

m
P

mrr

Cmmrmrmr

r

m q


































 

 2

4

2

1

2

22

sin
2

1cos
22

2632
1ln 2   (2.56) 

 

            

      

 

  

 
  ,P

mrr

Cmmrmrmr

r

m
ln

r
r

mC

rrm

C

mrr

rCrmCC

r

m
Prfrf

r

m
eg

qfUq































































































cos
22

2632
1

2
1

4

351

222

22
1

2
1cos1

2
1

2

22

2

43

2

3

322

1

220

1

11

2

200    (2.57) 

 

 

      

 
  ,P

r

Cmmrmr

r

m

r
r

mC

rrm

C

r

C
r

PrUrUreg

qU



































































cos
2

2332
1ln

2
1

4

321

2
1

cos1

2

22

2

2

2

43

2

2

220

2

22

2

20  (2.58) 

 

 ,sin2

2233 gg    (2.59) 

 

 .
r

C
egg

q



  2

0330 sinsin   (2.60) 

 

The values of all the constants must be defined via sewing the external solution with 

the corresponding internal solution on the star‟s surface [35]. 

 

2.3.2 Relation of the Hartle-Thorne and Sedrakyan-Chubaryan solutions 

Generally, one has to carry out a full analysis of the corresponding tensors of 

curvature as well as their covariant derivatives in order to set up the equivalence 
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between these two metrics in an invariant form. If it is possible to discover an 

obvious isomorphism of smooth manifolds which relates these metrics, in turn, the 

problem can be simplified in a significant manner. The current problem is even 

further simplified when the metrics are approximate solutions of Einstein‟s equations, 

since the transformation of coordinates has to be valid only approximately. Both 

Sedrakyan-Chubaryan‟s and Hartle-Thorne‟s metric is to be written in the same 

coordinates in order to compare them, therefore one should first find a coordinate 

transformation. A detailed examination of the Sedrakyan-Chubaryan metric finds that 

it is possible to choose the radial coordinate transformation as follows 
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and keep the remaining coordinates unchanged. The practical effect of this 

transformation is to exclude the function  rU0
. This means that, without loss of 

generality, we can set   00 rU  (or, equivalently,   0
0

rCU ) in the Sedrakyan-

Chubaryan metric, and therefore it becomes equivalent to the Hartle-Thorne solution 

up to a redefinition of the constants entering the metric. In fact, we now have only 

three integration constants, namely, 0f
C , qC  and 

2C , which are directly related to the 

total mass, angular momentum and quadrupole moment of the Hartle-Thorne metric. 

Indeed, by comparing the 
ttg  and tg  components of the metric tensor, we obtain 
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Notice that М  in the Hartle-Thorne metric is actually composed of two terms, 

mmМ  , where m is the “static mass” and m  is the contribution due to the 

rotation of the source. This means that in fact the last equations relate four constants 

of the Hartle-Thorne metric to four constants of the Sedrakyan-Chubaryan metric, 

implying that the inverse transformation is well defined. This proves the 

mathematical and physical equivalence of the two space-times up to the first order in 

the quadrupole moment Q  and the second order in the angular momentum J .  

There is an additional way to prove the equivalence of two spacetimes, namely, 

in terms of their multipole moments. Indeed, it has been proved that two space-times 

with the same set of multipole moments are isomorphic to each other (see, for 

example, [83] for a review). In the case of approximate solutions, one can assure that 

two spacetimes are isomorphic if they have the same set of multipole moments up to 

the validity order of the approximation. For the approximate space-times under 
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consideration in this section, this means that the Hartle-Thorne metric and the 

Sedrakyan-Chubaryan metric are equivalent if their mass, angular momentum and 

quadrupole moment are the same. In [84] and [85] it has been shown that in the 

approximate case, the moments can be derived from the explicit expression of the ttg  

metric component. For the Hartle-Thorne metric we have 
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while the corresponding expression for the Sedrakyan-Chubaryan metric is 
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A comparison of Eqs. (2.65) and (2.66) shows that if we define the constants as 
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then the moments are exactly the same, which proves the equivalence of the two 

metrics up to the fourth order in R1  [35]. 

 

2.4 Summary 

First, we considered the correspondence of approximate solutions of Einstein‟s 

equations, such as the Kerr metric and the Hartle-Thorne metric in strong 

gravitational fields with slow rotation. In the general case, when the Kerr metric has 

an exact and not an approximate form, it describes the gravitational field of rapidly 

rotating compact objects. Nevertheless, the fact that the quadrupole moment in the 

Kerr solution is completely determined by the angular momentum is a sign that it can 

be applied only to describe the gravitational field of a certain class of compact 

objects, for example, BHs. In turn, the Hartle-Thorne metric characterizes the 

gravitational field of slowly rotating and slightly deformed real compact 

astrophysical objects. In obtaining the correspondence between the two solutions, we 

took into account that the Hartle-Thorne metric is given up to the second order in the 
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angular velocity of rotation. For the same reason, the Kerr metric was considered in 

the same approximation. With the help of perturbation theory methods, we searched 

for coordinate transformations for a given approximation. After two metrics were 

written in the same coordinates, coordinate transformations and the relation between 

the quadrupole moment in the Hartle-Thorne metric and the rotation parameter in the 

Kerr metric were found. All the coordinate transformations were calculated with the 

same approximation as the metric functions in the original Hartle-Thorne solution. 

Therefore, the procedure for comparing the metrics presented here can be extended in 

a similar way to other approximate and exact solutions. To compare exact solutions, 

the situation is quite different. Here we need new methods, the development of which 

requires further research. 

Second, we have investigated solutions of Einstein‟s equations, which are 

widely used in the literatures to describe the gravitational fields of compact objects. 

In particular, the interior and exterior approximate solutions of Fock, the Fock 

solution with a quadrupole moment, the solution for the spherically symmetric mass 

distribution, and the Kerr solution have been considered. We have shown that the 

specific parameter k , entering into the refined Fock metric, subsequently, takes on 

special values in the case of a liquid and a solid sphere. It was also found out that in 

the case of the approximate Kerr metric, this parameter does not correspond to any of 

the known internal models of a body analyzed in the framework of the Fock 

formalism. To avoid technical problems that usually arise in the process of comparing 

solutions, we derived coordinate transformations in the approximation of 2/1 c  using 

the method of perturbation theory. In the cases, presented here, this is done in a 

relatively simple way only because all the coordinate transformations are not 

calculated accurately, but with the same approximation as the metric functions. This 

approach allows us to reduce the corresponding problems in the comparison of 

metrics on the corresponding given surface: thus, only algebraic conditions appear. 

Using this method, we could show that the technique presented in this section, is 

applicable to comparison of other approximate solutions of Einstein‟s equations.  

Third, we have reviewed the original papers by Hartle (1967) and Hartle and 

Thorne (1968) and discussed their main properties, extensions and modifications. We 

revisited the results of Sedrakyan and Chubaryan (1968) for the metric that describes 

the exterior field of an axially symmetric mass distribution. Using a perturbation 

procedure, we have derived the Sedrakyan-Chubaryan solution explicitly, which 

includes several integration constants. Instead of using the interior Sedrakyan-

Chubaryan solution in order to find the integration constants, we compare the exterior 

metric with the exterior Hartle-Thorne space-time solution in the same coordinates. 

As a result, we obtain a set of simple algebraic expressions relating the main 

parameters of the Hartle-Thorne metric with the integration constants of the 

Sedrakyan-Chubaryan solution. Alternatively, we calculated the relevant multipole 

moments of both solutions and showed that they are the same. In this way, we have 

also proved the mathematical and physical equivalence of the two space-times. We 

conclude that the Sedrakyan-Chubaryan solution can be considered as an alternative 

approach to describing the gravitational field of a slightly deformed stationary axially 
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symmetric mass distribution in the slow rotation approximation. Moreover, the 

Sedrakyan-Chubaryan solution with its internal counterpart can be applied to various 

astrophysical problems together with the Hartle-Thorne solution on equal rights. 

On the other hand, in a previous work [39] it was shown that the Hartle-Thorne 

formalism for the approximate description of rotating mass distributions is equivalent 

to the Fock-Abdildin approach. The latter, however, allows us to interpret the 

parameters of the interior solution in terms of physical quantities like the rotational 

kinetic energy or the mutual gravitational attraction between the particles of the 

source. Therefore, the results obtained in this work imply that it should be possible to 

find a direct relationship between the interior Sedrakyan-Chubaryan solution and the 

corresponding counterpart in the Fock-Abdildin approach. It is interesting that 

different approaches that were developed independently in different places and under 

diverse circumstances turn out to be equivalent from a mathematical point of view. It 

would be interesting to perform a more detailed analysis of all physical 

characteristics of each approach in order to propose a unique formalism that would 

incorporate the advantages of all known approaches.   
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3 EQUILIBRIUM CONFIGURATIONS OF STATIC WHITE DWARFS 

 

In subsection 3.1, the main parameters of static and zero temperature WDs such 

as mass, radius, central density, central pressure, gravitational potential and 

compactness have been theoretically determined both in NG and GR. For this 

purpose, the system of differential equations which consists of the EoS of the 

degenerate electron gas within Chandrasekhar approximation, the mass balance 

equation and the hydrostatic equilibrium equation has been reduced to a 

dimensionless form and has been solved by the methods of numerical integration. 

The mass-central density, mass-radius, mass-compactness parameter and 

gravitational potential-radius relations have been constructed both in NG and GR, 

and their results have been compared with each other. It has been shown that the 

effects of GR play an important role near the Chandrasekhar limit, more precisely, for 

large masses and small radii, i.e. in strong gravitational fields. However, it is also 

shown that the difference between NG and GR decreases for small masses and large 

radii due to the weakness of the gravitational field. In addition, the analytical 

expression for the classical and relativistic mass-radius relation has been found and 

its accuracy has been estimated. The importance of the simple analytical expression 

has been clarified in theoretical calculations, studies of the dynamics of a binary star 

system and practical analyses [86-89].  

In subsection 3.2, cold and hot WDs are investigated in the framework of GR 

using the Chandrasekhar EoS. Basic parameters of WDs such as the central density, 

pressure, mass, radius, the temperature of an isothermal core and logarithm of surface 

gravity have been calculated. It has been shown that it is necessary to take into 

account the effects of finite temperatures in WDs with low masses. The consideration 

of the effects of temperature can explain observational data from Sloan Digital Sky 

Survey Data Release 4. Additionally, the core temperatures have been estimated for 

white dwarfs – satellites of the millisecond pulsars PSR J1738+0333, PSR 

J1012+5307 and PSR J1911-5958A [27, 90-96]. 

In subsection 3.3, static cold WDs are investigated by means of the Salpeter EoS 

within GR. The main parameters of WDs such as mass, radius, central density and 

pressure are calculated solving the TOV equation, employing the Salpeter EoS. In 

addition, the WD characteristics from the SDSS DR 4, 10 and 12 are analyzed. The 

histogram and the Gaussian distribution of mass and radius are constructed for the 

catalogues. The maximum, minimum and average values of the logarithm of the 

surface gravity, effective temperature, mass and radius are found. The theoretical 

mass-radius relations are compared with the observational data. Finally, it has been 

shown that taking into account nuclear composition, neutronization threshold, the 

Thomas-Fermi corrections and Coulomb interactions is very important to describe 

some WDs in the catalogues of the SDSS DR 10 and 12 [29, 97]. 
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3.1 Effects of general relativity to the structure of white dwarfs 

 

3.1.1 Newtonian and general relativistic equations of stellar structure 

a) Newtonian equations. There are two forces that act any non-rotating (static) 

star: the first one is the inward force of gravity and the second one is the outwrd force 

of interior pressure gradient. For the hydrostatic equilibrium configuration of stars, 

the inward force of gravity is counterbalanced with the outward force of the interior 

pressure gradient of the star, as these forces are equal in magnitude, but opposite in 

direction. 

For example, it is the thermal pressure for the normal stars, the degenerate 

electron pressure for WDs, and the degenerate neutron pressure in case of NSs. On 

the basis of the equality of these forces, the equation of hydrostatic equilibrium of 

stellar structure can be derived. For Newtonian, static, spherically symmetric stars, 

the equation of hydrostatic equilibrium and mass balance equation are given by 
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where )(rP , )(r , and )(rm  are the pressure, the mass density, and the mass, 

respectively, which depend on the radial coordinate of r  and G  is the gravitational 

constant. The equations of stellar structure describe how the mass and the pressure of 

a star changes by the radial coordinate of r  [5, 98, 99].  

The interior gravitational potential of Newtonian static spherically symmetric 

stars is defined by 
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and the exterior potential outside the star is  
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where  RrmM   is the total mass of a star, R  is the total radius. 

b) General relativistic equations.To find the general relativistic stellar structure 

equations, one should substitute the components of the general static, spherically 

symmetric metric 

 

 222222)(222)(22 sin  drdrdredtceds rr  ,  (3.5) 



44 
 

 

to the Einstein equations written in the geometrized unit system ( 1 сG ) 

 

 ikikikik TRgRG 8)21(  ,  (3.6) 

 

where ikG , ikR , ikg , R , and ikT  are the Einstein tensor, the Ricci tensor, the metric 

tensor, the Ricci scalar and the energy-momentum tensor, respectively, and 

0,1,2,3., ki  To high precision, the matter inside any star is a perfect fluid, including 

WDs. The energy-momentum tensor of a perfect fluid is given by  
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where iu and ku are the four-velocity [99]. 

By calculating the Einstein tensor and the energy-momentum tensor, one can 

find 00G , 11G , 22G  and 33G  components of the Einstein equations  
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The 22G  and 33G  components of the Einstein equation are the same, so there is no need 

to consider them separately. From 00G  and 11G  components of the Einstein equation 

one obtains the mass balance equation and the expression for the gradient of the 

potential in GR, respectively 
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and from the law of the local energy and momentum conservation 0; k
ikT  
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where )(r  is the dimensionless gravitational potential, which is related to the 

physical potential as )()( 2 rcr   , 2)()( сrr   is the energy density, с  is the speed of 

light. The equation (3.14) is called the Tolman-Oppenheimer-Volkoff (TOV) 

equation of hydrostatic equilibrium for a non-rotating spherically symmetric star 

within the framework of general relativity. A detailed derivation of the equations 

(3.12)-(3.14) can be found in [100-103]. Expessions (3.12)-(3.14) reduces to the 

expressions (3.2), (3.3) and (3.1) in their Newtonian limit. By integrating equation 

(3.13) with   0 RrP  and   MRrm   and using the boundary condition 0)(  , 

one obtains  
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which is the expression for the gravitational potential outside a star. 

The main parameters of WDs can be found by solving the equations of stellar 

structure (3.1) and (3.2) (or (3.12) and (3.14)). However, the number of equations is 

two, the number of unkowns is three  )(),(),( rPrrm  . The EoS of the WD matter 

closes the system of equations being as the third equation. 

 

3.1.2 Dimensionless form 

The system of differential equations of stellar structure (3.1) and (3.2) ((3.12) 

and (3.14)) can not be solved analytically, therefore we seek a numerical solution. At 

first, all the equations should be nondimensionalized in order to simplify numerical 

calculations. For this purpose, we write down all physical quantities in their 

dimensionless forms by 
 

 bxr  , (3.16) 
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c
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, (3.19) 

    xcr   2
, (3.20) 

 

where   2143

eGcmb  , x ,  xm ,  x ,  xP ,  x  are the dimensionless radial 

coordinate, mass, mass density, pressure and potential, respectively [86]. 
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Consequently, the corresponding dimensionless Newtonian equations of stellar 

structure are obtained by substituting the expressions (3.16)-(3.19) into the equations 

(3.1) and (3.2) 
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By the same procedure, one can derive the dimensionless relativistic equations of 

stellar structure as  
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the dimensionless EoS (in this case, the Chandrasekhar EoS) 
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and the dimensionless Newtonian and general relativistic exterior gravitational 

potentials, respectively 
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The procedure on how to find the parameter b , and how to nondimensionalize 

equations of stellar structure and state have been fully demonstrated in our work [86]. 

 

3.1.3 Boundary conditions 

It is necessary to impose boundary conditions in order to solve the system of 

differential equations (3.1) and (3.2) or (3.12) and (3.14). The first condition is given 

at the center of a star, that is, the value of the mass density is constant 
c  )0(  at 

0x . The dimensionless Fermi momentum at the center cyy )0(  is defined by the 
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expression (3.25) of the central density. Thus, if the central density is given, we find 

the central pressure through the Fermi momentum in EoS. The second condition is 

called the regularity condition of the mass which is given as 0)0( m  at the center of 

a star. The third condition is given as   0

s
xP  on the surface of a star, where sxx   

is the dimensionless radius of a star. 

From the technical point of view, the numerical integration of the differential 

equations is carried out from 
1010ix  to 

410fx , and this interval includes sx : 

fsi
xxx  . Because the numerical integration of equations starting from 0ix  leads 

to uncertainty, for that reason, the lower limit of integration is started from 1010ix . 

The density corresponding to the radius of the star ix  is   2210 c/Gbx k

iс
 , where 

....k 12,6,5,4 The regularity condition of the mass for ix  is given by  

 

   ciic xxm  3

3

4
 . (3.29) 

 

The central pressure can be found from equation (3.26), as it was shown above, 

through   cix  

 and   ci yxy  . The upper limit of the numerical integration is given 

by 
410fx . The numerical solution of systems of equations (3.21) and (3.22) or 

(3.23) and (3.24) can be found in the range of si xxx  . The numerical integration is 

terminated when the condition   0

s
xP  is satisfied. Also, sx  should always be less 

than fx . At the end, by means of the expressions (3.16)-(3.20), we can recover 

dimensions of physical quantities from dimensionless quantities [86]. 

 

3.1.4 Results of numerical calculations 

The relation between the pressure and mass density of WDs is given by the EoS 

which is demonstrated graphically in figure 3.1. As you can see in figure 3.1, the 

pressure and density are proportional to each other.  
  

 

 

Figure 3.1 – The pressure as a function of the central density for WDs 
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We can find the relation between the WD mass and its central density by solving 

the system of equations given in equations (3.21)-(3.22) and (3.23)-(3.24) with the 

Chandrasekhar EoS given in the equation (3.25)-(3.26) and boundary conditions. This 

relation is shown in figure 3.2. The mass of the white dwarf star increases with the 

increasing of the central density, but it cannot increase infinitely. The mass can not 

exceed the Chandrasekhar limit [7, 104].  
 

 
 

Figure 3.2 – Mass-central density relations of WDs in NG (solid lines)  

and GR (dashed lines) 
 

Then, we construct the mass-radius relation of WDs in figure 3.3. As one can 

see from the figure, the main difference of WDs from main sequence stars is the fact 

that their masses increase when their radii decrease. This feature is explained by the 

existence of relativistic and quantum corrections in the EoS [105]. 

The main difference between GR and NG becomes more evident with the 

increasing of white dwarf mass. The maximum mass in GR is less than the mass in 

NG and it is associated with the presence of general relativistic corrections in the 

hydrostatic equilibrium equation. The increase in mass here strengthens the 

gravitational field. As a consequence, a lower mass is necessary to obtain the required 

density and pressure in GR compared to NG. 

The maximum mass which corresponds to the threshold density in GR is a 

condition that determines stability. However, in NG, WDs can reach the maximum 

mass when its radius is zero while the central pressure, the central density and the 

surface gravitational potential are infinite, but it is not physically possible. There 

exits a threshold for the central density, hence, central pressure, and this is a 

condition which determines stability of WDs. If the value of density exceeds this 

threshold, the white dwarf star becomes a neutron star, otherwise it may explode as a 

type Ia supernova. Therefore, if one chooses a density of neutronization (inverse beta 

decay) for WDs composed of С12

6  as a threshold density, and according to this value 

of the central density one is able to calculate the maximum mass, radius, pressure, 

and surface gravitational potential both in NG and GR. For example, the maximum 

mass is 1.447     in NG, and 1.425     GR.  
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Figure 3.3 – Mass-radius relations of WDs in NG (solid lines)  

and GR (dashed lines) 
 

An analytical expression for the mass-radius relations of static white dwarf stars 

has been found. The result of analytical fit is shown in figure 3.4 by the solid line and 

it is in good agreement with the result of the numerical integrations of stellar 

structure equations. In figure 3.4 a, the dashed curve denotes the mass-radius relation 

in NG and the solid one denotes the analytical fit. In figure 3.4 b, the dashed curve 

denotes the mass-radius relation in GR and the solid one denotes the analytical fit. 

The analytical expression is given by 
 

 
 

  
 

 

                
 , (3.30) 

 

where a , d , e , f , n  are the constant coefficients. This expression is the same as the 

expression obtained in [106], but there is a difference in the value of the coefficients. 

Their values were calculated in NG and GR (table 3.1) and the error is determined to 

be less than 1%. The form of analytical fit found for static white dwarf stars is the 

same in NG and GR. The values of coefficients are slightly different from each other 

[86]. 

 

Table 3.1 – The values of coefficients of the analytical expression for mass-radius 

relation of WDs  
 

Coefficients Newtonian Gravity General Relativity 

a [km] 6.11 14.65 

d [km
0
] 0.664 0.665 

e [km
-1

] 2.26·10
-5

 2.17·10
-5

 

f [km
-2

] – 1.50·10
-9

 – 1.38·10
-9

 

n [km
-3

] 1.35·10
-12

 1.34·10
-12
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To obtain the solution of stellar structure equations is not a simple task. The 

analytical fit with an error less than 1 % can be used to save time in order to construct 

the mass-radius relations in the range of radius from 340 km to 24000 km. 
 

  
a)  b) 

 

Figure 3.4 – Mass-radius relations of WDs in NG (a) and in GR (b)    
 

The importance of GR for stars can be given by the compactness parameter. The 

ratio of R/Rg  is called the compactness parameter, where 
22 cGMRg  is the 

Schwartzschild radius, R
 
is the radius of a star. As this parameter increases, the 

gravitational field becomes stronger and, accordingly, the effects of GR become 

noticeable. 

The relation between the compactness parameter and the mass of WD is 

constructed in figure 3.5. As can be seen from the relation, the smaller a WD is in 

compactness parameter, the larger it is in mass. 
 

 

Figure 3.5 – The relation between mass and compactness parameter of WDs in NG 

(solid lines) and GR (dashed lines) 
 

The relation between the absolute value of the surface gravitational potential of 

the WD and its radius is shown in figure 3.6. As you can see from formulas (3.27) 

and (3.28), when the star‟s radius decreases and its mass increases, as a result, the 

surface gravitational potential increases. The difference between the surface 



51 
 

gravitational potentials calculated in NG and GR is evident in case of large masses 

and in small radii [86]. 
 

 
 

Figure 3.6 – The relation of surface gravitational potential and radius of  

WDs in NG (dashed curve) and GR (solid curve)  

 

3.2 Static white dwarfs taking into account the effects of finite temperatures 

and general relativity 

3.2.1 Main parameters of white dwarfs and their relations 

Figure 3.7 shows the dependence of the total pressure on the total density for 

selected temperatures T = [0, 10
4
, 10

5
, 10

6
, 10

7
, 10

8
] K. As can be seen from the 

figure, the effects of temperature are significant at low densities. The effect of 

temperature becomes noticeable starting from a temperature of 10
5
 K and it goes up 

with increasing temperature at low densities [27, 90]. 
 

 
 

Figure 3.7 – Total pressure as a function of the total mass density for selected 

temperatures T = (0, 10
4
, 10

5
, 10

6
, 10

7
, 10

8
) K.  

 

The mass balance and TOV equation completely determines the structure of a 

spherically symmetric body in hydrostatic equilibrium. By solving the mass balance 
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and TOV equation for the Chandrasekhar EoS  2  at finite temperatures (see 

subsection 1.2), the mass-radius relation is given in figure 3.8. 
 

 
 

Figure 3.8 – Mass-radius relations at selected temperatures  

T = (10
4
, 10

5
, 10

6
, 10

7
,10

8
) K and data of the SDSS DR 4 

 

It can be seen from figures 3.8 and 3.9 that the effects of finite temperatures are 

important for low-mass WDs (in figure 3.8, within the mass              ). 

Moreover, the role of this effect increases with decreasing mass. This implies that the 

substance of low-mass WDs cannot be considered completely degenerate. 
 

 
 

Figure 3.9 – Mass-radius relations at selected temperatures  

T = (10
4
,10

5
,10

6
,10

7
,10

8
) K for the interval of radius R = (10

4
-10

5
) km 
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Figure 3.10 – Central density-radius relations at selected temperatures  

T = (10
4
, 10

5
, 10

6
, 10

7
, 10

8
) K 

 

 
 

Figure 3.11 – Central density-mass relations at selected temperatures 

T = (10
4
, 10

5
, 10

6
, 10

7
, 10

8
) K  

 

As can be seen from figures 3.10 and 3.11, in the relations of the central density-

radius and the central density-mass with decreasing central density, the effects of 

temperatures are more clearly visible, and with an increase in the central density, 

these effects weaken. That is, temperature effects are especially important for low-

mass WDs [27, 90]. 

 

3.2.2 Binary systems: white dwarf and millisecond pulsar  

A millisecond pulsar is a pulsar with a rotation period in the range of 1 to 10 

milliseconds. Similar pulsars were detected in the radio, X-ray and gamma ray ranges 

(bands) of the electromagnetic spectrum. The theory of the origin of millisecond 

pulsars has not been fully developed. The most common theory of their formation 
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states that they begin their life as pulsars with small periods of rotation, but then 

gradually unwind by accretion. Millisecond pulsars are companions of low-mass X-

ray binary systems [107]. 

For the theoretical estimation of the core temperature, in this work we consider 

WDs, which are companions of the millisecond pulsars PSR J1738+0333, PSR 

J1012+5307 and PSR J1911-5958A. In calculations, for simplicity, the core 

temperature of WDs can be considered isothermal. 

а) PSR J1738+0333. In the work of Antoniadis et al. [108], the photometric 

radius                   and the effective surface temperature K)1509130(T eff  
by using the analysis of the WD atmospheric spectrum and the logarithm of surface 

gravity 10556)(log)(log 2

1010 ..RGMg   of a WD companion of PSR J1738 + 0333 

have been obtained. Details of observation and technical aspects of measurements of 

the parameters of a binary system can be found in [107].  

 

 
 

Figure 3.12 – Logarithm of the surface gravity as a function of the radius for selected 

temperatures T = (10
4
, 1.55×10

7
, 6.5×10

7
, 10

8
) K 

 

Figure 6 shows the dependence of the logarithm of surface gravity as a function 

of the radius of WDs at selected temperatures T = (10
4
, 1.55×10

7
, 6.5×10

7
, 10

8
) K of 

the isothermal core. To estimate the temperature of the isothermal core, observational 

data for the WD companion of the millisecond pulsar PSR J1738 + 0333 were also 

plotted. The horizontal dashed and vertical dot-dashed lines in figure 6 show the 

maximum and minimum values of surface gravity 10556log10 ..)g(   and 

photometric radius                  , respectively. Using these data, it is possible 

to determine graphically from the figures that the core temperature of the WD 
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companion of the pulsar PSR J1738+0333 is approximately in the region of 

  K106.51.55T 7

с   [27]. 

The obtained theoretical result can be compared with the observation. To do 

this, we use the Koester formula [109], which relates the surface temperature of a 

WD to the temperature of its isothermal core 
 

 
56210

4

eff 10052 .

cT.
g

T  , (3.31) 

 

where effT  is the effective surface temperature, cT  is the temperature of the isothermal 

core, g  is the surface gravity (the gravitational acceleration experienced at the 

surface of an astronomical object). The Koester relation was obtained by solving the 

heat equation for a degenerate WD matter, taking into account the thickness of the 

envelope (atmosphere) of WDs and the corrections of the gravitational redshift. For 

the WD companion of PSR J1738 + 0333, the Koester relation gives the temperature 

of the isothermal core K10)170592( 7 ..Tc , which, within the margin of error, fully 

coincides with our theoretical estimation. 

b) PSR J1012+5307. In the work of J. A. Panei et al. [110] the parameters of the 

WD companion of millisecond pulsar PSR J1012+5307, such as a logarithm of the 

surface gravity 20346log10 ..)g(  , mass                 and an effective surface 

temperature K)3008670(T eff  are given. In particular, these values of the surface 

gravity and the mass of the WD companion were used for the graphical estimation of 

its core temperature. 
 

 
 

Figure 3.13 – Logarithm of the surface gravity as a function of the mass for selected 

temperatures T = (10
4
, 1.05×10

7
, 2.75×10

7
, 6.5×10

7
, 9.5×10

7
) K 
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The graph of logarithm of the surface gravity )(log10 g
 
as a function of the mass 

of WDs for selected interior temperatures T = (10
4
, 1.05×10

7
, 2.75×10

7
, 6.5×10

7
, 

9.5×10
7
) K is plotted in figure 3.13. The horizontal dotted lines show the maximum 

and minimum values of 0.26.34(g)log10   and the vertical dashed lines are the 

maximum and minimum values of the mass                 of the WD 

companion of the millisecond pulsar PSR J1012-5307 in the pulsar plus WD binary 

system. 

On the basis of theoretical curves and observational data, the core temperature 

of the WD companion of the pulsar has been estimated. According to our estimation, 

it is approximately equal to K102.75)(1,05T 7

c
 , while the Koester relation gives 

K100.4)(2.9T 7

c
 . Consequently, the observational and theoretical values of the 

core temperature c
T  correspond in the range K10)75252( 7 .. . 

c) PSR J1911-5958A. In figure 3.14, the mass-radius relation of hot static WDs 

was obtained at finite temperatures K)1059,1056,10752,104(T 7776  ... . The 

diagonal dashed and the vertical dot-dashed lines indicate the maximum and 

minimum values of logarithm of the surface gravity 20446)(log
10

..g   and 

photometric radius                   of a WD companion of PSR J1911-5958A, 

respectively. 
 

 

Figure 3.14 – Logarithm of the surface gravity as a function of the radius 
 

From figure 3.14 it is possible to determine graphically the core temperature of a 

WD in the binary system PSR J1911-5958A as in the previous case. Our estimation 
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shows that the core temperature of the WD is within the range of 

K100.4)(2.9T 7

c
 . For this WD companion with a logarithm of the surface 

gravity 20446)(log
10

..g   and effective surface temperature K150)(10090T
eff

  

(see J.A. Panei et al. [110]) the Koester relation gives the core temperature 

K100.5)(3.35T 7

c
 , which, within the error of observation, coincides with our 

estimation. 

 

Table 3.2 – Parameters of WDs 
 

WD parameters 

 

 

 

Sources 

Observation The core temperature of 

WDs, cT (10
7 
K) 

effT (K) )(log10 g            Koester 

relation 

Our 

estimation 

PSR J1738+0333 9130±150 6.55±0.1 --- 0.042±0.004 2.59±0.17 4.025±2.475 

PSR J1012+5307 8670±300 6.34±0.2 0.16±0.02 --- 2.9±0.4 1.9±0.5 

PSR J1911-5958A 10090±150 6.44±0.2 --- 0.044±0.009 3.35±0.5 4.95±4.55 

 

Table 3.2 shows the main observational data and theoretical calculations 

performed in this work. As can be seen from the table, theoretical calculations within 

the errors of observation completely correspond [27]. 

 

3.3 Static white dwarfs taking into account nuclear composition in general 

relativity 

3.3.1 The catalog of white dwarfs from the Sloan Digital Sky Survey 

The first complete catalog of WDs from SDSS was based on the first release of 

data “Data Release 1”. By analyzing the data from the fourth release of the Data 

Release 4 catalog [111], the number of spectrally confirmed WDs has approximately 

doubled. In the seventh version of WD catalog Data Release 7, the total number of 

WDs has increased more than twice in comparison with the catalog based on the data 

of DR 4. All the stars from previous releases were also analyzed. More than 8000 

new spectrally confirmed WDs were indicated by Kepler and others when analyzing 

the tenth release of catalog SDSS DR 10 [112, 113]. 

The criteria for selection of candidates was also improved in comparison with 

the previous catalogs, as well as, an automated search algorithm was introduced for 

finding objects which were missed by other selection criteria. It was also the first 

catalog of WDs on the basis of data fitting of Sloan Digital Sky Survey, stars with 

hydrogen (DA) and helium (DB) atmospheres, in short, WDs of DA and DB classes. 

In this section, a detailed analysis was carried out with SDSS DR 10. Although SDSS 

has increased the number of spectroscopically confirmed WDs by more than an order 

of magnitude before the start of SDSS, the SDSS catalogs are far from completeness. 

The procedure for selecting the target of the original SDSS (before DR 8) implied 

that the choice of a WD for spectroscopy was incomplete. In this subsection we 
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consider (analyze) the data of new WDs from SDSS DR 4, SDSS DR 10 and SDSS 

DR 12 [114, 115], which in total were obtained by photometric ways, observing one 

third of the celestial sphere. This catalog does not contain the stars presented in the 

previous catalogs, except for corrections in the classification. 
 

 
 

Figure 3.15 – The relationship between the effective temperature  

and the logarithm of the surface gravity  
 

Figure 3.15 shows the observational data from SDSS DR 4, SDSS DR 10 and 

SDSS DR 12 of WDs as the relation of the acceleration of gravity on the surface of 

the star and its effective temperature. Here Teff is the effective surface temperature 

obtained for all WDs from SDSS DR 4 (green cubes), SDSS DR 10 (blue triangles), 

SDSS DR 12 (red stars). Hence it can be seen that the majority of WDs has a surface 

temperature in the range from 5000 K to 40000 K. In turn, the decimal logarithm of 

the acceleration of gravity on the surface is in the range from 5 to 10 cm/s
2
. 

Observations have shown that there are also hot WDs whose effective temperature 

can exceed 100,000 K [116]. They are usually young WDs [29]. 
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Figure 3.16 – The logarithm of acceleration of gravity and the mass of WDs taken 

from SDSS DR 4, SDSS DR 10, SDSS DR 12 
 

Figure 3.16 shows the relation between the surface gravity and the mass of WDs 

in terms of solar mass. From this figure it follows that the larger the mass, the greater 

the surface gravity or the acceleration of free fall on the surface, and vice versa. The 

average mass of WDs ranges from 0.3 to 1.0 solar masses. Recall that the mass in this 

graph was calculated on the basis of various models of equations of state, for 

example, such as the Salpeter EoS, taking into account the temperature and nuclear 

composition of matter. 
 

 
 

Figure 3.17 – Mass-radius relation of WDs  

taken from SDSS DR 4, SDSS DR 10, SDSS DR 12 
 

Figure 3.17 shows the values of the mass and radius of WDs of SDSS DR 4, 

SDSS DR 10, SDSS DR 12 catalogs. The effective temperature and surface gravity 

were found from the observations. To calculate the radius, as well as the mass, 
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various models are used, taking into account the effects of the finite temperature and 

the nuclear composition of the WD matter and other parameters. 

The maximum, minimum and average observed values of the surface gravity 

(the acceleration of free fall on the surface) and the surface temperature of WDs are 

given in table 3.3 [29]. 

 

Table 3.3 – The values of the surface gravity and the surface temperature of WDs 

from SDSS DR 4, SDSS DR 10, SDSS DR 12 
 

 

Figure 3.18 shows the histograms of the distribution of masses and radii in the 

SDSS DR 4, SDSS DR 10 and SDSS DR 12. In the SDSS DR 4, the average mass of 

WDs is about 0.6 solar masses; in the SDSS DR 10 about 0.6 solar masses and in the 

SDSS DR 12 about 0.2 solar masses. Most WDs has a radius in the region of 5000-

10000 km.  
 

 
 

                                    a)                                                                   b) 

 

 
 

                                    c)                                                                   d) 

 

Catalogs )(log10 g  Teff, К 

Minimum Average Maximum Minimum Average Maximum 

DR 4 6.4 8.03 9.53 5 910 18 683.8 125 360 

DR 10 4 8.05 10 5 327 13 312.1 100 000 

DR 12 4.44 6.82 9.99 4 870 10 220.8 99 999 



61 
 

 

 

                                           e)                                                                 f) 

 

а) masses from SDSS DR 4,  b) radii from SDSS DR 4,  c) masses from SDSS DR 10, 

d) radii from SDSS DR 10,  e) masses from SDSS DR 12,  f) radii from SDSS DR 12 

 

Figure 3.18 – Histogram and Gaussian distribution  

of masses and radii of WDs 
 

The maximum, minimum and average values of the calculated data for mass and 

radius in the works of Kepler et al. [112-115] are shown in table 3.4. 

Table 3.4 – Maximum, minimum and average values of mass and radius of WDs of 

Sloan Digital Sky Survey Data Releases 4, 10 and 12 

 
Catalogs Mass (М ) Radius (km) 

Minimum Average Maximum Minimum Average Maximum 

DR 4 0.170 0.657 1.35 2 294.28 9 219.84 35 653.7 

DR 10 0.041 0.605 1.44 1 340.94 9 384.91 262 361 

DR 12 0.042 0.329 1.39 1 061.56 34 259.2 286 249 

 

3.3.2 Results of numerical calculations 

The Salpeter EoS allows one to take into account the Coulomb interaction, the 

Thomas-Fermi correction, and the nuclear composition of the WD. In figures 3.19-

3.21, we have constructed the relations between mass M and radius R, mass M and 

central density ρ, central density ρ and radius R for zero-temperature WDs composed 

of He4
, C12

, O16
, Ne20

, Mg24 , Si28
 and  Fe56

 (by the Salpeter EoS) and 2  (by the 

Chandrasekhar EoS) within the framework of GR. It can be seen from the figures that 

the heavier the element in WDs, the smaller the upper limit of the mass of WDs [29]. 
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Figure 3.19 – Mass-radius relations of WDs  

for the different nuclear compositions 
  

 
 

Figure 3.20 – Mass as a function of the central density of WDs  

for different nuclear compositions  
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Figure 3.21 – Central density versus radius of WDs  

for different nuclear compositions 

 

Moreover, it should be noted that the neutronization threshold (inverse beta 

decay) for a WD with a uniform nuclear composition has been taken into account in 

the Salpeter EoS. This effect puts restrictions on the upper value of the central density 

and, consequently, the mass of WDs. The threshold of inverse beta decay for 

different compositions is different. The neutronization threshold density is 
31110371 cmg.C   for He4

2 , 
31010903 cmg.C   for C12

6 , 
31010901 cmg.C   for 

O16

8 ,
 

3910216 cmg.C   for Ne20

10 , 
3910163 cmg.C   for Mg24

12 , 
3910971 cmg.C   

for Si28

14 , 
3910141 cmg.C   for Fe56

26  [5]. 

Figure 3.8 demonstrates the mass-radius relations for static WDs in the case of 

the Chandrasekhar EoS at different temperatures in GR (by the TOV equation); they 

were compared with data (mass and radius) from the SDSS DR 4. It should be noted 

that the values of temperature that we have used is the temperature of the isothermal 

core of a WD. Consequently, the consideration of the finite temperature effects 

describes almost completely the data from the SDSS DR 4. It is also possible to 

construct the mass-radius relations at finite temperatures for other equations of state, 

for example, for the FMT EoS [25, 29]. 
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Figure 3.22 – The mass-radius relations of WDs at finite temperatures  

(the Chandrasekhar EoS) and observational data from the SDSS DR 10 

(red triangles) and the SDSS DR 12 (green stars) 
   

But, in the case of SDSS DR 10 and SDSS DR 12, as can be seen from Figure 

3.22, even the consideration of finite temperatures in the Chandrasekhar EoS cannot 

eхplain some WDs. Because of this, it is necessary to use the EoS of Salpeter, which 

takes into account the important properties of the WD matter. 

 

 
 

Figure 3.23 – The mass-radius relations of WDs and  

observational data from SDSS DR 10 (brown dots) 
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Figure 3.24 – The mass-radius relations of cold WDs and  

observational data from SDSS DR 12 (brown dots) 
 

As can be seen from the figures 3.23 and 3.24 that the consideration of WDs 

using the Salpeter EoS can explain the distribution of some WDs. It follows that the 

consideration of the nuclear composition of the matter of WDs is critically important 

[29]. 

 

3.4 Summary 

First, we have calculated the main parameters  RRPMR g,,,,,   of white 

dwarf stars in NG and GR. Newtonian and relativistic equations of stellar structure 

and Chandrasekhar EoS have been used to calculate the main parameters. All the 

differential equations have been nondimensionalized and then numerically solved by 

predetermined boundary conditions. As a result of computations, pressure-central 

density, mass-central density, mass-radius, mass-compactness parameter and surface 

gravitational potential-radius relations have been constructed, and the significance of 

GR effects in large masses, large densities and small radii have been demonstrated. 

The analytical expression for the mass-radius relation have been found and its error 

has been evaluated. 

Second, we have studied the properties of non-rotating hot WDs within the 

framework of the general theory of relativity. For this purpose, the TOV equation 

together with the mass balance equation has been integrated numerically using the 

Chandrasekhar EoS at finite temperatures. As a result, the central density-mass, the 

central density-radius, and the mass-radius relations for hot WDs were obtained. 

Studies show that effects of finite temperatures significantly affect to the structure of 

WDs at low densities, that is, they play a key role for low-mass WDs. Apart from 

this, it has been shown that taking into account the effects of finite temperatures can 

explain the calculated masses and radii of WDs from the SDSS DR 4. Therefore, in 

order to construct a realistic model of WDs, the effects of the finite temperatures 
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must be taken into account properly. Our calculations fully confirm the correctness of 

the conclusions made in Ref. [25]. 

The temperatures of isothermal cores of some WD companions of millisecond 

pulsars PSR J1738+0333, PSR J1012+5307 and PSR J1911-5958A were also 

estimated in the subsection. In parallel, these estimated temperatures were verified 

using the Koester relation. The approach used in this subsection can be considered as 

an alternative way of calculating the core and surface temperatures of a WD.  

Third, the observational data from SDSS DR 4, SDSS DR 10 and SDSS DR 12 

catalogs were analyzed. It was shown that for SDSS DR 10 and SDSS DR 12 it is not 

enough to take into account only the finite temperature effects. Therefore, the main 

parameters of static cold WDs were theoretically calculated using the Salpeter EoS in 

GR. Mass-radius, mass-central density, central density-radius relations were 

constructed for different nuclear compositions in GR. It is shown that the 

consideration of WDs using the Salpeter EoS can explain the distribution of some 

WDs from SDSS DR 10 and SDSS DR 12 on the plotted graphs, which cannot be 

interpreted with the inclusion of temperature only as in the case of SDSS DR 4. It 

was shown that the largest number of WDs has a mass of 0.6 solar masses in SDSS 

DR 4, SDSS DR 10, and 0.2 solar masses in SDSS DR 12. The radii of most WDs are 

in the range from 5000 to 10 000 km. The maximum value of the surface temperature 

is 125360 K in SDSS DR 4, 100 000 K in SDSS DR 10 and ~100000 K in SDSS DR 

12. The minimum value of effective temperature is 5 910 K in SDSS DR 4, 5 327 K 

in SDSS DR 10, and 4 870 K in SDSS DR 12. 

As a result of all calculations and analyzes, it was shown that taking into 

account the nuclear composition, the Coulomb interaction, the Thomas-Fermi 

correction and the neutronization thresholds (consideration using the Salpeter EoS) in 

GR are very important for explaining the observed data from the SDSS DR 4, SDSS 

DR 10, SDSS DR 12 catalogs.  



4 EQUILIBRIUM CONFIGURATIONS OF ROTATING WHITE 

DWARFS 

 

In physics, rotation can be the cause of a lot of changes in the structure of any 

system. In the case of astronomical objects such as planets and stars, rotation plays a 

important role. Rotation does not only change the shape of the astronomical objects 

but also affects to the processes occurring inside stars, for instance, it may decelerate 

or accelerate thermonuclear reactions under certain conditions, it changes the 

gravitational field outside the objects and it is one of the main factors that determines 

the lifetime of all stars (WDs, NSs, giant and main sequence stars, so on) [16, 17, 

117-121]. For example, let us consider rotating WDs in the framework of NG 

(subsection 4.1) [122-126] and GR (subsection 4.2) [91, 127-130]. 

 

4.1 Rotating white dwarfs in Newtonian gravity 

A static WD has a limiting mass of          which is called as the 

Chandrasekhar mass limit [7]. The central pressure and density corresponding to this 

limit determine the evolution of WDs. If the WD rotates, then because of the 

centrifugal forces the central pressure and density decrease [5, 131]. In order to 

recover the initial values of the central density and pressure of a rotating star one 

needs to add extra mass. Here we see that a rotating star with the same values for 

central density and pressure, as those of a static star, possesses a larger mass [48]. 

In the subsection 4.1, the HF is applied to study equilibrium configurations in 

the framework of NG. This method allows one to study in a simple manner the 

properties of the interior gravitational field in the case of non-rotating as well as 

uniformly rotating stars in hydrostatic equilibrium. It is shown that the gravitational 

equilibrium conditions reduce to a system of ordinary differential equations which 

can be solved numerically. All the relevant equations up to the second order in the 

angular velocity are derived. In addition, the total mass, the equatorial and polar radii, 

the moment of inertia, the quadrupole moment, the eccentricity and the gravitational 

binding energy of the rotating body are calculated. The procedure of calculatation the 

gravitational Love number is also shown. We test the approach in the case of WDs 

and show its compatibility with the known results in the literature. 

In this subsection 4.1, the equations which describe the equilibrium 

configurations of slowly rotating stars are obtained using the HF [43]. The 

preeminence of this method is that it allows us to consider in a simple way the 

influence of the rotation on the interiors properties of the gravitational source. Indeed, 

we will see that the complexity of the differential equations, which govern the 

dynamical properties of equilibrium configurations, is reduced to a high degree. 

When solving this kind of problems in astrophysics, astronomy and celestial 

mechanics, it is handy to consider the interior structure of planets and stars as being 

described by a fluid. In the case of slow rotation, we obtain equations that are valid 

for any fluid up to the second order in the angular velocity [122]. 

As a result we derive the equations defining the main parameters of the rotating 

equilibrium configuration such as the radius, mass, gravitational potential, moment of 

inertia, quadrupole moment and angular momentum as functions of the central 
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density and angular velocity. Moreover, it is shown how to calculate the ellipticity 

and by means of it the gravitational Love number [132]. In turn, these parameters are 

of great importance in defining the evolution of a star. 

In order to pursue all these issues in detail we revisit the HF in NG for a slowly 

rotating configuration as the calculation of its equilibrium properties is much more 

simpler, because then the rotation can be considered as a small perturbation of an 

already-known static configuration. We therefore will consider in this section a 

rotating configuration under the following conditions [43]. 

– A one-parameter EoS is defined,  pp  , where   is the density and p  is the 

pressure of matter [133]. 

– A non-rotating equilibrium configuration is calculated employing this EoS and 

the Newtonian equations of hydrostatic equilibrium for spherical symmetry. 

– Reflection and axial symmetry. The configuration is symmetric with respect to 

a plane perpendicular to the axis of rotation. 

– A uniform angular velocity is slow enough so that the changes in energy 

density, pressure and gravitational field are small. 

– Slow rotation. This requirement implies that the angular velocity   of the star 

 

 ,
3

2

a

GM
  (4.1) 

 

where a is the radius of non-rotating configuration, M is its mass, G is the 

gravitational constant. Hence, the condition in equation (4.1) also means 

 

 ,
a

с
  (4.2) 

 

where c is the speed of light. 

– The Newtonian field equations are expanded in powers of the angular velocity 

and the perturbations are calculated by retaining only the first- and second-order 

terms [122-124]. 

In the present section, the equations necessary to study this problem are obtained 

explicitly. The issue of describing rotating configurations in NG has been studied in a 

lot of papers and literatures [9-14, 133-137]. In this section, we will use the HF, 

which was originally proposed in GR, to consider a non-relativistic Newtonian 

configuration. No knowledge of relativistic physics is necessary, because only the 

very intuitive coordinate approach of the HF is utilized in order to handle the NG 

equation and the corresponding equilibrium condition. It is worth mentioning that the 

HF has been recently extended for relativistic configurations up to the fourth order 

terms in angular velocity [67]. 

In Newtonian gravity the equilibrium configuration of uniformly rotating stars 

are found by the solution of the three equations of Newtonian hydrostatic equilibrium 

[5, 43, 131]. They are 

1) the Newtonian field equation: 
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    ;,4,2  rGr   (4.3) 

 

where   is the density and   is gravitational potential of a fluid mass rotating with a 

constant angular velocity  ; 

2) the EoS that shows the relation between density   and pressure p  is 

assumed to have a one-parameter form 

 

  ;pp   (4.4) 

 

3) the equation of hydrostatic equilibrium for uniformly rotating configurations 

which can be written in following form 

 

 ,
1




p
td

vd


 (4.5) 

where 

 

 .r
td

rd
v




  (4.6) 

 

For rotation with constant Ω, we obtain that 

 

     .vvv
td

vd 2

2

1 
  (4.7) 

 

Consequently, inserting this expression in (4.5), we get 

 

   
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or 
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which can be written in terms of its first integral 
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where θ is the polar coordinate and r is the radial coordinate and of the rotating 

configuration. 

The main task now is to expand the equations of Newtonian hydrostatics in 

powers of 2 . The solution to the first term of the expansion is given by  0 ,  0p  
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and  0r  in the absence of rotation. After that, we need to find the equations which 

govern the second-order terms. It is expected that the resulting differential equations 

can be integrated in terms of the known static solution [122-124]. 

 

4.1.1 Definition of coordinates 

An important point to be considered is the choice of the coordinate system in 

which the expansions in powers of Ω are carried out. As indicated by Hartle in 1967 

[43], one should be very careful when considering perturbation near the surface of the 

star. Indeed, a simple expansion of the density as a function of the old polar 

coordinates r, θ is not valid throughout the star as the surface of the configuration 

will be displaced from its static position and the perturbation in the density may be 

finite where the unperturbed density vanishes. Thus, following Hartle‟s formalism 

[43] we select a coordinate transformation such that the density of the star in terms of 

the new radial coordinate is the same as in the non-rotating configuration: 

 

          .RRRr 0,,    (4.11) 

 

Therefore, the relation between the old coordinates (r,θ) and the new coordinates

 ,R  are given by 

 

     .ORRr 4,,    (4.12) 

 

The function  ,Rr  then replaces the density as a function to be calculated in the 

rotating configuration. These definitions are clearly demonstrated in figure 4.1. 
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The surface (a) is the surface of constant density  R  in the non-rotating 

configuration. The surface (b) is the surface of constant density  R  in the rotating 

configuration (reproduced from [43]). 

 

Figure 4.1 – Definition of the coordinates ,R and the displacement  ,R  

 

 

According to the HF, we are always free to consider the rotating configuration 

as a perturbation of a static configuration with the same central density. Hence, in the 

,R  coordinate system, the density (4.11) and pressure are known functions of R  

 

         RpRpRrp 0,,   (4.13) 

 

related by the one-parametric EoS [122-124]. 

 

4.1.2. Spherical harmonics 

The expansion of r in terms of Ω
2
 is given by equation (4.12) and the expansion 

of the gravitational potential Φ can be represented as 

 

             ,,, 420  ORRR  (4.14) 

 

where    R0  is the unperturvated term of the potential and     ,2 R  is the 

perturbed term. Calculating the Taylor expansion in terms of the new the coordinates, 

on gets 
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In order to simplify the equations we take the Taylor series of the functions   

and  2  in spherical harmonics 
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where  coslP  are the Legendre polynomials. 

Now let us perform the computations in detail taking the polar axis to be the axis 

of rotation. Using the expressions for the Legendre polynomials   1cos0 P  and  

   1cos3
2

1
cos 2

2 P , it is easy to show that 
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From here we see that l accepts only two values, namely, 0 and 2. The equations for 

 Rl  ,   Rl

2  , with 4l  are thus independent of Ω and their solution is 

 

 0l  ,        02  l
 ,       .4l    (4.18) 

 

Rewriting the condition of hydrostatic equilibrium (4.10) in coordinates ,R  

and expanding it in spherical harmonics by using equations (4.11), (4.14), and (4.16), 

we obtain 
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We now gather the terms proportional to 0~   and 2  with 2,0l  and derive: 
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where const is defined as       cosconstconstconst 0

2

0

0 P , so that  0const  and  2

0const  

are found from the sewing between the internal and external solutions. The first of the 

above equations corresponds to the Newtonian hydrostatic equation for a non-rotating 

configuration.  

Using the same procedure, the Newtonian field equation becomes 
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Since the functions    r2

0  and    r2

2  are already proportional to 2 , we can directly 

write them in  ,R  coordinates. But           R
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d
RRr RRr

020202 ,    (see 

[122]). Therefore 
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 (4.24) 

 

Considering that         cos, 220 PRRR   and gathering the corresponding parts, 

we derive the Newtonian field equations of both non-rotating and rotating 

configurations: 

 

 
    ,402 RGRR   (4.25) 
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The differential equations for   R2

0 ,   R2

2 ,  R0  and  R2 , which establish 

the relationship between mass and central density for rotating star and define the 

shape of the star, will now be given in forms suitable for solving these problems. 

The above description of the rotating equilibrium configuration allows us to 

obtain all the main quantities that are necessary for establishing the physical 

significance and determining the physical properties of the rotating source. In this 

section, we will obtain all the equations that must be solved in order to find the values 

of all the relevant quantities [122-124]. 
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4.1.3 Mass and central density 

The total mass of the rotating configuration is given by the integral of the 

density over the volume 

 

     .sin,, 2  dddrrrdVrM
VV

tot    

    

To proceed with the computation of the integral, we use formula (4.12) and 

derive the relation 
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which means that 
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Performing the integration within the range of angles 0  and  20   

and using the identities 
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one finds that the change in mass  2M  of the rotating configuration from the static one 

can be written as 
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The last integral is calculated via integration by parts. On the surface of the star 

aR   the density vanishes and the first term in the last integral    
a

RRR
0
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0   

vanishes too. So 

 

     
 

.4
0

2

0

2

 









a

dRR
dR

Rd
RaM


   (4.34) 

  



75 
 

Here we have used the following expressions that follow from the field equations and 

definitions of the masses 

 

     ,402 RGR    (4.35) 
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Using the condition that     00 constR   and     2

0

2

0 constR  , as  0R , and taking 

into account (4.26) the masses of both configurations can be expressed as 
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It is convenient to display the 0l  equation in a form in which it resembles the 

equation of hydrostatic equilibrium. To do this, we define 
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Furthermore, taking derivative of (4.21) and taking into account (4.40), we derive  
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The above equation along with 
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show the balance between the gravitational, pressure and centrifugal forces per unit 

mass in the rotating star. The latter expression was derived by using (4.20). 
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4.1.4 The shape of the star and numerical integration 

If the surface of the static star has radius a , then equations (4.11) and 

(4.16) show that the equation for the surface of the rotating star has the form 

 

        .Paaa,ar  cos220    (4.44) 

 

The value of  a0  is already defined in the 0l  calculation 
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where   aMM 0  is the mass of the static configuration. But, the determination of 

 R2  from 2l  equations is not straightforward. So far, we have the 2l  equations 

(4.22) and (4.27) representing the hydrostatic equilibrium and the field equation, 

respectively. From (4.22) we derive the expression 
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which we insert into (4.27) and get 
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where      RMRM 0  denotes the static mass. In order to solve the latter equation 

numerically, one needs to rewrite it as first-order linear differential equations. For 

this purpose, we introduce new functions  2

2  and   so that equation (4.47) 

generates the system 
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The above equations can be solved by quadratures. The computation of the 

solution can be performed numerically by integrating outward from the origin. At the 

origin the solution must be regular. An examination of the equations shows that, as 
0R , 

 

     ,, 42 RBRRAR    (4.50) 
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where A and B are any constants related by 
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and c  is the value of the density in the centre of the star. The remaining constant in 

the solution is determined by the boundary condition that   2RAR   at large values 

of R. The constant is thus determined by sewing the internal solution with the 

external solution which satisfies this boundary condition [122-124]. 

In the exterior region, the solutions of the equations (4.48) and (4.49) are 
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The internal solution to the equations (4.48) and (4.49) may be written as the 

sum of a particular solution and a homogeneous solution. The particular solution may 

be found by integrating the equations outward from the centre with any values of A 

and B which satisfy (4.51). The homogeneous solution is then found by integrating 

the equations 
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with A and B related now by 
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The general solution may then be written as 
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By sewing (4.52) and (4.56) at aR  , the constants 1K  and 2K  can be found. 

Consequently,  Rin  is found and  R2  can be easily calculated from 
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4.1.5 Moment of inertia 

Similarly to the total mass of the star, the total moment of inertia can be 
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calculated as 
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Using the definition of the radial coordinate r, we find the expression 
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which allows us to rewrite the moment of inertia as 
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Performing the integration within the range 0  and   20   , we derive 
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where the last expression has been derived via integration by parts and we have used 

the integrals 
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When aR   the expression for the change in moment of inertia due to rotation 

becomes 
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In the corresponding limit, our results coincide with the definition of the 

moment of inertia for slowly rotating relativistic stars as given in [138]. Notice that, 

knowing the value of the moment of inertia, one can easily calculate the total angular 

momentum of the rotating stars 
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     ,20 JJJtot   (4.66) 

 

where     00 IJ  is the angular momentum of the spherical configuration and 
    22 IJ  is the change of the angular momentum due to rotation and deformation. 

 

4.1.6 Gravitational binding energy and rotational kinetic energy 

The total gravitational binding energy of a rotating configuration can be 

calculated in analogy to the total mass and moment of inertia as 
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where the radial coordinate r  can be expressed in coordinates ,R  by using equation 

(4.12), the density is simply given by equation (4.11) and the gravitational potential 

by equation (4.15). Then, we rewrite equation (4.67) as 

 

          

     
   

 

 
         .sin

2

1

sin
2

2

1

422
0

200





























 









OdddRRR,R
dR

Rd
,R

dddRRR
dR

,Rd

R

,R
RRW

V

V
tot






 (4.68) 

 

Expanding the functions    ,2 R  and  ,R  in spherical harmonics, 

according to equation (4.16), and integrating the above expression in the range 

,0   ,20    taking into account equation (4.30), we obtain 
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where  0W  is the gravitational binding energy of the non-rotating configuration and 
 2W  is the change in the gravitational binding energy because of rotation. On the 

surface  2W becomes 
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In the second-order approximation in  , the rotational kinetic energy can be written 

as 

 

 
 

 
 

 .
222

4
20

4
0










 O
I

O
JJ

T tot  (4.73) 

 

The ratio of the rotational kinetic energy to the binding energy allows one to 

investigate the stability of rotating configurations [122]. 

 

4.1.7 Quadrupole moment 

The Newtonian potential   ,R  outside the star will be written as before as 

(see equation (4.14)) 

 

             ,cos, 2

2

2

2

0

0  PRRRR   (4.74) 

 

where 

 

 
  

 

,
0

0

R

MG
R    (4.75) 

 

 
  

 

,
2

2

0
R

MG
R    (4.76) 

 

    .
3

12

2
R

K
R    (4.77) 

 

In view of (4.31), equation (4.74) can be written as follows 
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It follows that the constant 1K  determines the mass quadrupole moment Q  of the 

star as GQK 1 . For a vanishing 1K  we recover the static configuration. Moreover, 

according to Hartle‟s definition 0Q  represents an oblate object and 0Q  

corresponds to a prolate object. 

 

4.1.8 Ellipticity and gravitational Love number 

The quantity defined by 
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is the ellipticity of the surface of constant density labelled by R. We use this 

expression and (46), and eliminate  2

2  from (4.47), to derive the following equation 

for  R : 

 

 
               

,0
622

322

2


R

RRM

R

R

dR

RdM

dR

R

dR

RdM

RdR

Rd

R

RM 
  (4.80) 

 

or equivalently in a compact form 
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This equation is equivalent to Clairaut‟s equation. Here both  RM  and  R  are 

known functions of R . The ellipticity must be regular at small values of R , and 

equation (4.81) shows that it approaches a constant at 0R . With this boundary 

condition, equation (4.81) may be integrated to find the shape of  R . To find the 

magnitude of  R  one needs to use (4.57). The procedure for considering the 

boundary condition at the surface given in the previous section, together with the 

condition of regularity at the origin and the differential equation (4.81), uniquely 

determine the ellipticity of the surfaces of constant density as a function of the 

coordinate R . 

It is easy to show that equation (4.80) can be written in the form given in [135] 
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where 
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is the average mass density. By introducing a new function as 
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Equation (4.82) reduces to the well known Clairaut-Radau equation [132] 
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where 
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  
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 R

R
RD

m


  (4.86) 

 

encodes the relevant information about the structure of the body. The differential 

equation is integrated outward from 0R , with the boundary conditions   10 D  and

  00 R , up to aR , obtaining the value  aR2 . The Love number is then given 

by 
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In the celestial mechanics and astronomical works, the dimensionless quantity 

2k  is called „apsidal constant‟, because it controls the size of tidal and rotational 

deformations of stars in close binary systems, which lead to observable perturbations 

in the „line of apsides‟. Sometimes, the quantity defined as  Gak 3/2 5

2  is called the 

Love number. In this section, however, we use 2k  as the Love number; it is named 

after the British geophysicist Augustus E. H. Love (1863–1940), who introduced it 

early in the 20
th

 century [132]. The Love number characterizes the rigidity and the 

susceptibility of the body‟s shape to changes in response to a rotational deformation 

or to a tidal potential. For a rigid object 02 k , meaning that a rigid object cannot 

change its shape. In Newtonian gravity, the tidal and rotational Love numbers 

coincide with each other. But, in GR because of the Lense-Thirring effect they are 

different. The knowledge of the Love numbers has a wide range of applications in the 

astrophysical context. Namely, using the Love numbers, one can simulate the motion 

of binary systems with tidal interactions, and estimate the correct values of the orbital 

parameters. The Love numbers are directly related to the quadrupole moment and the 

moment of inertia of a deformed object; hence, knowing the Love numbers, one can 

establish the relation between the quadrupole moment and the moment of inertia 

through the I-Love-Q relations [139, 140]. Finally, Love numbers are involved in the 

expansions of the exterior gravitational potential for deformed objects. Consequently, 

whenever one considers gravitational interactions between celestial objects, the Love 

numbers play a key role in these processes [132]. 

Note that once  R2  is known, then  R  is also known from equation (4.79), 

and we have 
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One can see from here that  a2  does not depend on the angular velocity of the star, 

neither does the Love number. 
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4.1.9 Equations of structure 

Our results show that it is possible to write explicitly all the differential 

equations that define the behaviour of a slowly rotating compact object. For a better 

presentation of the results obtained in preceding sections, we summarise the steps that 

must be followed to integrate the resulting equations. 

a) The non-rotating case. To determine the relation between mass and central 

density, one must proceed as follows. (1) Specify the EoS  pp   (polytrope, 

tabulated, etc). (2) Choose the value of the central density   cR  0 . Calculate the 

mass and pressure from the Newtonian field equation and the equation of hydrostatic 

equilibrium with the regularity condition at the center     000 RM  
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The gravitational potential of the static star is obtained as 
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On the surface, the pressure must vanish    .aRp 00   

The solution of equation (4.89) gives the mass, pressure and density profile 

inside the star and, in turn, the density profile allows us to calculate the moment of 

inertia from equation (4.63).  

In order to determine the correct value of the interior gravitational potential for 

the static configuration   R0 , one should calculate  0const  by sewing the potential 

with its exterior counterpart on the spherical surface. The external potential is given 

by equation (4.75). By using the sewing condition 
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along with equation (4.20), one can determine  0const  as 

 

  

 

     .
1

0

0
0

0

 
a

ex adR
dR

Rdp

R
const


         (4.92) 

 

Knowing the value of  0const , the correct expression for the internal potential is 
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b) The rotating case: 0l  equations. Select the value of the angular velocity of 

the star. For example, take as a test value the Keplerian orbit with 
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Then, integrate the system of equations 
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out from the origin with boundary conditions 
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These boundary conditions guarantee that the central density of the static and 

rotating configurations are the same. 

Additionally, to compute  2

0const  from equation (4.21), one makes use of the 

sewing condition for   R2

0  
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where    Rex

2

0  is given by equation (4.76). Hence 
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and finally  
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To compute the gravitational binding energy and its correction because of 

rotation, one should integrate equations (4.70) and (4.71) by using equations (4.93) 

and (4.99). 

c) The rotating case: 2l  equations. 1) Particular solution. Integrate the 

equations 
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outward from the centre with arbitrary initial conditions satisfying the equations, as 
0R  
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where A  and B  are constants subject to the above algebraic relation. Therefore, we 

can freely select only one of the constants. Set, for instance, 1A  and define B  from 

the above equation. This determines a particular solution  Rp  and  Rp . 

2) Homogeneous solution. Integrate the homogeneous equations 
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outward from the centre with arbitrary initial conditions satisfying the equations, as 
0R  
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This determines a homogeneous solution  Rh   and  Rh . Thus, the interior solution 

is 
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3) Sewing with an exterior solution. The external solution is given as 
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By sewing (4.103) and (4.102) at aR  , 
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the constants 1K  and 2K  can be obtained. 
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4) Relations among moment of inertia, eccentricity and love number. Once 

functions  R0  and  R2  are known from 
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One can easily calculate the perturbation of the moment of inertia and other important 

quantities. 

The surface of the rotating configuration is described by the polar pr  and 

equatorial er  radii that are determined from the relations 
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Moreover, the eccentricity is defined as 
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and determines completely the sewing surface. 

In terms of function  R2  one can easily compute ellipticity  R , function 

 ,2 R
 hence the gravitational Love number 2k . 

 

4.1.10 An example: white dwarfs 

In this section, we investigate an example of the formalism introduced in the 

preceding sections to test the applicability of the approach. To appreciate the validity 

of our results, we consider a very realistic case, namely, WDs whose EoS at zero 

temperature is given by the Chandrasekhar EoS [105].
 
The behaviour of the EoS is 

illustrated in figure 4.2 for the case of a degenerate electron gas [122].  
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Figure 4.2 – Pressure versus density for the Chandrasekhar EoS 

 

 
 

Figure 4.3 – Total mass and central density relation obtained from the 

Chandrasekhar EoS 
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Figure 4.4 – Total mass and equatorial radius relation for  

Chandrasekhar EoS 

 

 
 

Figure 4.5 – Equatorial radius versus central density. Note that 0  as are   

 

 
 

Figure 4.6 – Total moment of inertia versus central density 
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In figure 4.3, we plot the behaviour of the total mass as a function of the central 

density for a static star and for a rotating star with our test angular velocity. It is clear 

that for a given central density the value of the total mass is larger in the case of a 

rotating object than for a static body. This is in accordance with the physical 

expectations based upon other alternative studies [9-14, 136, 137]. A similar 

behaviour takes place when we explore the mass as a function of the equatorial 

radius, as shown in figure 4.4. 

The relationship between the central density and the equatorial radius is 

illustrated in figure 4.5. As expected, the equatorial radius diminishes as the density 

increases, and it is larger in the case of a rotating body. In the limit of vanishing 

angular velocity, the equatorial radius approaches the value of the static radius a 

[122]. 

The moment of inertia depends also on the central density and on the value of 

the angular velocity, as illustrated in figure 4.6. For each value of the angular 

velocity, there is particular value of the central density at which the moment of inertia 

acquires a maximum. The value of the moment of inertia at the maxima increases as 

the angular velocity increases. For very large values of the central density, the gap 

between the moment of inertia of static and rotating configurations is narrowing. 

Notice, however, that this happens for values close to or larger than 311 /10 cmg which 

should be considered as unphysical because they are larger than the critical value 
311 /1037.1~  cmgc  at which the EoS under consideration can no longer be applied 

because of the inverse β-decay process for WDs consisting of helium ions. It should 

be mentioned that, in general, the inverse β-decay instability is affected by the 

rotation indirectly, since the main ingredient for the onset of the β-instability is the 

value of the density at the centre of the WD. Rotation affects the central density and, 

 

 
 

Figure 4.7 – Angular momentum versus central density 
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Figure 4.8 – Dimensionless angular momentum    2/ GMcJj  versus central density 

 

 
 

Figure 4.9 – Mass quadrupole moment versus central density 

 

in turn, it affects the β-instability. Nevertheless, we are considering in all our plots the 

interval   3135 1010  cmg  for the sake of generality. The total angular momentum as a 

function of the central density is given in figure 4.7.With increasing central density, 

first, it increases up to its maximum value and then it decreases. The dimensionless 

angular momentum or the spin parameter is shown in figure 4.8. It turns out that for 

WDs the spin parameter is quite large for small central densities and it is less than 

unity for central densities larger than the inverse β-decay density for helium WDs 

[122]. Thus, if we assume that a WD collapses into a neutron star at the inverse β-

decay 
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Figure 4.10 – Eccentricity versus central density of rotating configurations 

 

 
 

Figure 4.11 – Mass quadrupole moment over the Kerr quadrupole moment 

 McJQKerr

22 /  versus central density 
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Figure 4.12 – Rotational kinetic energy over gravitational binding energy WT /   

versus central density of rotating configurations 

 

instability density and the spin parameter is conserved, then the spin parameter will 

be in agreement with the theoretical upper limits for NSs [141-144].  

In figures 4.9 and 4.10 we plot the quantities which determine the shape of the 

surface where the interior solution is matched with the exterior one, namely, the 

quadrupole moment and the eccentricity. Obviously, both quantities vanish in the 

limiting case of vanishing rotation. The quadrupole possesses a maximum at a certain 

value of the central density which coincides with the position of the maximum of the 

moment of inertia. 

 

 
 

Figure 4.13 – Ellipticity versus central density of rotating configurations 
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Figure 4.14 – Function 2  versus spherical radius a  of static configurations 

 

The quadrupole moment normalized by the Kerr quadrupole moment as a 

function of the central density is illustrated in figure 4.11. One can see here that the 

quadrupole moment for WDs is always larger than the Kerr quadrupole. 

The ratio of the rotational kinetic energy to the gravitational binding energy as a 

function of the central density is shown in figure 4.12. The values of the ratio and the 

eccentricity are well below the upper limits for secular and dynamical instabilities. 

According to [65], the conditions (values) 14.0/ WT , 81.0e  and 25.0/ WT , 

95.0e , for rigidly rotating fluids (liquids) with uniform density the so-called 

Maclaurin spheroids, are considered to be the upper limits for secular and dynamical 

instabilities, respectively. 

The secular instability determines the instability of rotating configurations with 

respect to small perturbations. In fact, in order to investigate the secular instability of 

realistic objects Friedman et al [145] formulated the method of turning points. 

According to this method, one needs to calculate constant angular momentum 

sequences, compute the mass-central density relations, and estimate the maximum 

mass. The maximum mass is the indicator (turning point) for the onset of the secular 

instability. For different values of the angular momentum there are different 

maximum masses and by joining all the points for the maxima one obtains the secular 

instability curve. In the mass-central density diagram the configurations on the left-

hand side of the maxima are considered to be secularly stable, and the configurations 

on the right-hand side are unstable configurations.  

We constructed the constant angular momentum sequences and found that the 

maximum mass is reached for configurations with central densities beyond our range 

of consideration [122]. 
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Figure 4.15 – Love number versus central density of static configurations 

 

 
 

Figure 4.16 – Love number versus spherical radius of static configurations 

 

This fact allows us to state that, unlike their relativistic counterparts, the Newtonian 

uniformly rotating WDs are secularly stable [16, 17]. 

The ellipticity of the rotating deformed star is illustrated as a function of the 

central density in figure 4.13. On the surface of the star the ellipticity shows similar 

behaviour as the eccentricity and as density increases it decreases. Thus, the star 

becomes more compact and more spherical.  

The dependence of function 2  is shown as a function of the spherical radius a

in figure 4.14. As the radius increases the function decreases. The function 2  is 

necessary to calculate the Love number. Finally, in figures 4.15 and 4.16 we depict 

the gravitational Love number as a function of the central density and spherical 

radius, respectively. For increasing central density the Love number decreases. This 

implies that with the increasing central density or decreasing radius WDs become less 
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susceptible to rotational and tidal deformations, since 02 k  for a rigid body. It 

should be mentioned that the values for the Love number in agreement with those 

presented in [146]. 

Notice that in all the plots, the selected values for the central mass and the 

equatorial radius are in accordance with the expected values for WDs. We conclude 

that the results obtained from the numerical integration of the differential equations 

derived by using the approach proposed in this work are consistent with the physical 

expectations, when restricted to the region in which the formalism can be applied [9-

14, 137, 147-149]. 

 

Table 4.1 – The values of multiplicative factor   for different values of the central 

density 

 
 ρ(g cm

-3
) 10

5 

10
6
 

10
7
 

10
8
 

10
9
 

10
10

 
5×10

10
 

10
11

 
1.37×10

11 10
12 10

13 

  0.781 0.780 0.777 0.770 0.762 0.755 0.752 0.751 0.750 0.748 0.747 

 

Table 4.2 – Maximum static and rotating masses of WDs. NG stands for Newtonian 

gravity, PN stands for Post-Newtonian weak field ( 2/1 с approximation), GR stands for 

general relativity, 2 indicates the average molecular weight in the Chandrasekhar 

EoS and 3n  stands for the polytrope index 

 
Treatment 

/ EoS 
    

   
        

   
    Approximation Formalism References 

NG/μ=2 

 

NG/n=3 

 

PN/μ=2 

 

NG/μ=2 

 

NG/μ=2 

 

 

NG/μ=2 

 

GR/μ=2 

 

GR/μ=2 

1.437 

 

1.437 

 

1.417 

 

1.435 

 

1.437 

 

 

1.459 

 

1.405 

 

1.429 

1.474 

 

1.487 

 

1.482 

 

1.513 

 

1.516 

 

 

1.534 

 

1.478 

 

1.516 

Slow rotation ~Ω
2 

 

Rapid rotation 

 

Slow rotation ~Ω
2 

 

Slow rotation ~Ω
2
 

 

Rapid rotation 

 

 

Slow rotation ~Ω
2 

 

Slow rotation ~Ω
2 

 

Slow rotation ~Ω
2 

Chandrasekhar 

 

Monaghan-

Roxburgh 

Durney-Roxburgh 

 

Sedrakyan-

Chubaryan 

Chandrasekhar 

 

 

Hartle 

 

Sedrakyan-

Chubaryan 

Hartle 

Anand (1965) [9] 

 

Roxburgh (1965) 

[10] 

Roxburgh and 

Durney (1966) [11] 

Papoyan et al 

(1971) [12] 

Geroyannis et al 

(1989,1994) [13, 

14] 

This work 

 

Arutyunyan et al 

(1971) [15] 

Boshkayev et al 

(2013, 2015) [16, 

17] 

 

4.1.11 The mass-shedding limit and scaling law 

In this section we will discuss about some technical details related to the 

computation of the Keplerian mass-shedding limit of any rotating configurations and 

the scaling law for physical quantities that can be rescaled without additional 

numerical integrations for various objectives [122]. 
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a) The mass-shedding limit. It is well known that the velocity of particles on the 

equator of the star cannot exceed the Keplerian velocity of free particles, computed at 

the same location. At this limit, particles on the star‟s surface remain bound to the 

star only because of a balance between gravitational and centrifugal forces. The 

evolution of a star rotating at the Keplerian rate is accompanied by a loss of mass, 

thus becoming unstable. The Keplerian angular velocity in NG is determined as 

follows 

 

 ,
r

GM

e

tot
Kep 3

   (4.110) 

 

where G  is the gravitational constant, totM  is the total mass of the rotating 

configuration and er  is the equatorial radius. This is the critical angular velocity at 

which rotational shedding will occur, and it is thus an upper bound on those angular 

velocities for which the assumption of slow rotation could be valid. 

In order to estimate this quantity correctly, one needs to select a test value of the 

angular velocity, for example, in our computations we used   30 / aGMtest  . Usually 

Keptest  , hence one needs to decrease the values of test gradually and estimate 

Kep  successively, until Keptest   with a given precision. For that purpose, in 

practice, it is convenient to use the shooting method. 

If we express testKep   , then the value of multiplicative factor   can be 

estimated from the above procedure by numerical integration and the results are 

shown in table 4.1. 

As one can see from the table, indeed Keptest  and this results are in 

agreement with the ones in the literature [9-14, 137]. It should be stressed that the 

Keplerian angular velocity allows one to estimate the maximum rotation rate (the 

minimum rotation period) and the maximum rotating mass of stars. Moreover it 

allows us to determine the stability region of a rotating star, inside which all rotating 

configurations can exist (see [16] for details). 

Although the data presented in table 4.1 seem to indicate that the value of   is 

close to 75.0 , it is important to note that this multiplicative factor is not the same at 

any density. In fact, it depends on the EoS of the WD matter and for different central 

densities with different nuclear compositions, it accepts distinct values. Even in the 

case of NSs the parameter   possesses various values for a variety of the models used 

to construct the equations of state. For example, in [150], this parameter has been 

calculated for a particular EoS and a fixed range of values for the central density, 

leading to the result that the parameter varies in the range 67.063.0  . So, in general, 

there is no reason for this parameter to be independent of the density in the case of 

WDs, as well. 

In all our computations, we used the value 3

etotKep r/GM . Of course, this is a 

rough approximation. Nevertheless, as it was pointed out by Berti et al [46] (see also 
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[151]), Hartle‟s approach with Kep  gives only small differences (errors) with respect 

to the exact numerical methods used in GR for NSs. In the case of WDs, the errors 

should be even smaller than for neutron stars since WDs rotate more slowly than 

neutron stars (see appendix D of [16]). Moreover, we compare in table 4.2 our results 

with other more sophisticated approaches used in the literature; our results are in 

good agreement with other works. 

b) Scaling law. The scaling procedure is used in order to rescale all the known 

values of physical quantities for different objectives. For instance, the angular 

momentum J  is directly proportional to  , hence there is always the possibility for 

the following scaling law 
oldoldnewnew JJ   to be held. This means that knowing the 

old value of the angular momentum oldJ  for the given angular velocity 
old

 , one can 

easily evaluate a new value of the angular momentum newJ  for a given new angular 

velocity old  without reintegrating the structure equations. The same is true for all the 

physical quantities which are directly proportional to the second order of the angular 

velocity 2 . The following quantities are subject to scaling: 
2)2(2)2(

oldoldnewnew MM  , 
22

oldoldnewnew QQ  , 
2)2(2)2(

oldoldnewnew II   and 
2)2(2)2(

oldoldnewnew WW  . From a practical 

point of view it is very convenient to make use of the scaling law for various 

computational goals. 

On the other hand, a careful examination of the scaling law for the quadrupole 

moment shows some resemblance with the I-Love-Q relations. Indeed, 2
Q  is a 

constant quantity which is a function of the central density only, and it can be 

identified with the gravitational Love number  . In the 2  approximation, expressing 

  in terms of )0(I  through  )0()0( IJ  and normalizing Q  to the Kerr quadrupole 

moment, one obtains an approximate universal relation among the stellar moment of 

inertia, gravitational Love number and quadrupole moment as shown in [139], that do 

not depend strongly on the EoS. Of course, it would be interesting to check these 

relations also for WDs. In this case, in accordance to the generally accepted 

theoretical models for WDs, one needs to analyze at least two different equations of 

state with several nuclear compositions. This requires a detailed analysis which is 

beyond the scope of the present work. A more detailed study of these relations for 

WDs will be presented elsewhere. 

 

4.1.12 Comparison with other results in the literature 

In this section, we compare and contrast our results with other known results. 

The configurations of uniformly rotating WDs have been intensively investigated 

since their first theoretical descriptions. Here we present previous results obtained in 

this context. For example, in table 4.2, we show some results for the maximum static 

and rotating masses computed by several authors in NG, the post-Newtonian 

approximation and in GR. Regardless of the approximation, approach, treatment, 

theory and numerical codes, the results are very similar. These maximum masses for 

rotating WDs are to be compared with the ones found in this work using the 

Chandrasekhar EoS with µ=2. In NG, the maximum static mass is          and for a 
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rotating mass we obtain         . The difference appears already at the level of the 

static configuration and this, in turn, translates to the rotating configurations. 

For the sake of clarity, it should be mentioned that the structure equations 

describing uniformly rotating configurations, as derived in GR by Hartle in [43], 

reduce identically to the equations shown in this work for с . Correspondingly, 

the structure equations formulated by Sedrakyan and Chubaryan [80] in GR also 

reduce to their Newtonian counterparts in the corresponding limiting case [12]. The 

mathematical and physical equivalence of these two formalisms has been recently 

shown in [35] by comparing the exterior Hartle-Thorne [44] and the Sedrakyan-

Chubaryan [80] solutions. Thus, the difference in numbers of these two approaches in 

table 4.2 can be due to the numerical integrations, only. 

 

4.2 Rotating white dwarfs in general relativity 

4.2.1 Equations of structure  

In section 3, we have considered the non-rotating configurations of WDs in the 

framework of general relativity. We consider now the effects of a slow rotation on 

these configurations. The stationary, axially symmetric metric may be written in the 

form (see, e.g. [43]) 

 

    ,sin
222222222 LdtddKrQdrdtHds    (4.111) 

 

where  ,rHH  ,  ,rQQ  ,  ,rKK  , and  ,rLL  . In order to describe the 

structure of slowly rotating objects, up to second order terms in the angular velocity 

of  , the metric (4.111) is defined by the following expression 

 

 
           

       ,,sin,21

2,21,21

2222

222

dtrddrkr

drMrrmedtrheds rr



 




 (4.112) 

 

where  re  and  re  are the metric functions of the static solution, M  is the mass of 

the corresponding static (non-rotating) configuration with the same central density as 

the rotating one. The functions h , m , k  may be expanded in spherical harmonics as  

 

         ,..., 220   Prhrhrh  (4.113) 

 

         ,..., 220   Prmrmrm  (4.114) 

 

         ,..., 220   Prkrkrk  (4.115) 

 

where  cos2P  is the Legendre polynomial of second order. The angular velocity of 

local inertial frames   is proportional to  , as well as the functions ,0h ,2h ,0m ,2m

and 2k  are proportional to 2 . They can be found from the Einstein equations [43]. 
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To be more precise, ,0h  
0m  can be found from the 0l  components of two 

   
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r TG   Einstein equations in the form 
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and ,2h  ,2m and 2k  from the 2l  components of gravitational field equations in the 

form 
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By introducing 22 kh   and using 2l
 

part of the integral of the equation of 

hydrostatic equilibrium one finds the resulting equations in the form [43, 44] 
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The quantities 0
p  and R  are given by   dRdPPEp 

00   and

   MRRMRR 228 3   , M  is the mass of the non-rotating configuration. It is 

convenient to introduce 22 kh   for the purpose of numerical computation of these 

equations.  

By using 0l  part of the integral of the equation of hydrostatic equilibrium 

expanded in powers of 2  we can rewrite the equation (4.117) 
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The equation (4.123) is the relativistic equation of hydrostatic equilibrium for 

slowly rotating configurations. This equation demonstrates the balance of 

gravitational, pressure and centrifugal forces and together with the of (4.116) 

completely solve 0l  problem, find the unknown functions 
0m ,

0h . In turn, the 

unknown functions 2m , 2h , 2k and 2  may be calculated from the system of equations 

(4.118-4.120), together with 2l  part of the integral of the equation of hydrostatic 

equilibrium. It completely determines the 2l  problem. By expanding all quantities 

in powers of 
2

1 с , one can obtain the corresponding equations for slowly rotating 

configurations in NG, which has been already discussed in subsection 4.2 and 4.3 

[43, 44]. 

 

4.2.2 Rotating white dwarfs at zero temperature 

In this subsection we construct equilibrium configurations of static and 

uniformly rotating WDs using the Chandrasekhar EoS and the relativistic FMT EoS 

within GR for the sake of completeness [91, 105]. First we perform computations for 

zero temperature uniformly rotating WDs at the mass shedding limit by utilizing the 

relativistic FMT EoS within the HF [43, 44, 91, 127]. Afterwards, we investigate 

static WDs at finite temperatures by employing the Chandrasekhar EoS. Finally, we 

superpose these theoretical results with the estimated data obtained from the SDSS 

DR 4 by Tremblay et al [111].  

In figure 4.17 we constructed the mass-radius relation of uniformly rotating 

WDs using both the Chandrasekhar and relativistic FMT EoS in GR by fulfilling their 

stability criteria [105, 91]. The radius of the WDs in this plot is defined as the 

average spherical radius   ep RRR 231  , where 
pR  is the polar radius, eR  is the 

equatorial radius. For the sake of generality, we accounted for the nuclear 

composition of the WD matter in the relativistic FMT EoS. As one can see from 

figure 4.17 the consideration of the nuclear composition along with rotation at the 

Keplerian limit is not sufficient to explain all the observational data. 
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Figure 4.17 – Mass-radius relation of uniformly rotating WDs obtained with the 

Chandrasekhar EoS and the RFMT EoS for T = 0 K case and their superposition with 

the estimated masses and radii of WDs taken from the SDSS DR 4 (blue dots). Upper 

curves indicate rotating WDs and lower curves indicate static WDs. 

 

 
 

Figure 4.18 – Mass-radius relation of uniformly rotating WDs obtained with the 

Chandrasekhar EoS for T=0 K case (left panel) and mass-radius relation of static 

WDs for selected finite temperatures from T = [0, 10
6
, 10

7
, 4 × 10

7
, 10

8
] K  

(right panel) and their superposition with the estimated masses and radii of WDs 

taken from the SDSS DR 4 (blue dots) 

 

In order to tackle this relevant issue S.M. de Carvalho et al [25] proposed to 

include the finite-temperature effects in the EoS. Following this idea we performed a 

similar analysis for static WDs at finite-temperatures with the simplest 

Chandrasekhar EoS by solving the TOV equation (see [90] for details). The results of 

[90, 91] are illustrated in figure 4.18. As one can see here in analogy to [25] the only 

inclusion of the finite-temperature effects in the Chandrasekhar EoS leads to the 

mass-radius relation in better agreement with the observational data [91, 127]. 

It should be noted, that from the astronomical observations of isolated WDs one 

infers the effective surface temperature and the surface gravity but not the mass-

radius relation. All main parameters are inferred and estimated by using certain 
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models. However for WDs in close eclipsing binaries there exist techniques to 

measure their masses. The data obtained from these binaries are considered to be 

more reliable and model-independent. Therefore to perform more realistic 

computations one needs to take into account the effects of rotation, chemical 

composition and temperature together for selected WDs with known parameters. 

Only after one can perform more precise analyses and make further predictions. 

 

4.2.3 Rotating white dwarfs at finite temperatures 

In this subsection the influence of the effects of GR, rotation and finite-

temperatures on the structure of WDs is considered. Accounting for such effects and 

physical parameters make the theory of WD be more realistic. The HF [43, 44, 127] 

was invoked to calculate the main parameters of rotating WDs employing the 

Chandrasekhar EoS at finite temperatures. The main results are depicted in figures 

4.19 and 4.20. 

 

 
 

Figure 4.19 – The equatorial radius-central density relation for  

rotating hot WDs 

  

Figure 4.19 shows the dependence of the equatorial radius on the central density 

and temperature for static and rotating WDs in GR. From the figure one can see that 

the hot WDs possess larger radii than the cold ones with the same central densities. 

By examining only static WDs one can show that easily by calculating the thickness 

of a hot non-degenerate layer on top the cold degenerate one. Consequently, this 

effect translates also to rotating WDs [129]. 

From the astrophysical context it is also important to construct the mass-radius 

relations for hot WDs. As one can see from figure 4.20 for the fixed mass the radius 

of a WD can be various depending on the values of rotation period and temperature. 

From observations, unlike the radius of stars, it is relatively easy to measure the mass. 

Therefore, the calculation of radius is a very delicate problem as the small corrections 
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of GR and the effects of finite temperatures become more dominant in radius not in 

mass. 

In figures 4.19 and 4.20 all WDs rotate at the Keplerian rate (mass shedding 

limit). All realistic uniformly rotating WDs will be in between the static and mass 

shedding limit. It should be noted, that here we consider only the core temperatures. 

The interrelation of the core temperature and the observed effective surface 

temperature is given via the Koester relation. By employing the Koester formula one 

can show easily that our calculations are compatible and consisted with the 

observational data for WDs [25]. 

 

 
 

Figure 4.20 – The total mass-equatorial radius relation for  

rotating hot WDs 

 

Figure 4.20 shows the mass-radius relation for hot static and rotating WDs in 

GR. It is evident that this relation is very different from the degenerate case, in 

particular, for small masses and large radii, depending on the temperature of the 

isothermal core. These results can be used to explain a wider range of observations of 

WDs [129]. 

 

4.3 Summary 

In subsection 4.1, we have revisited the Hartle formalism to describe in 

Newtonian gravity the structure of rotating compact objects under the condition of 

hydrostatic equilibrium. We use a particular set of polar coordinates that is especially 

constructed to take into account the deformation of the source under rotation. 

Moreover, we use an expansion in terms of spherical harmonics and consider all the 

equations only up to the second order in the angular velocity. The main point is that 

these assumptions allow us to reduce the problem to a system of ordinary differential 

equations, instead of partial differential equations. As a consequence, we derive all 

the equations explicitly and show how to perform their numerical integration. In 

addition, the formalism developed here allows us to find explicit expressions for the 
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main physical quantities that determine the properties of the rotating configuration. In 

particular, we derived the equation which determines the relation between mass and 

central density, and showed that it takes the form of an equation of hydrostatic 

equilibrium. It enforces the balance of pressure, gravitational, and centrifugal forces 

correctly to order Ω
2
. In this approximation, the surfaces of constant density are 

spheroids whose ellipticity varies from zero at the centre of the star up to the values 

which describe the shape of the star at the surface. The ellipticity, as a function of the 

radius, turns out to be determined by Clairaut‟s differential equation. The equations 

which determine the relation between mass and central density and those which 

determine the ellipticity are systems of ordinary differential equations whose solution 

may be obtained by numerical integration. Furthermore, we also derived analytic 

expressions for the quadrupole moment and moment of inertia of the source. In 

addition we derived and integrated the expressions for the rotational kinetic energy 

and gravitational binding energy. We constructed T/ |W| ratio versus central density 

and checked its consistency with the instability criteria for secular and dynamical 

instabilities of the Maclaurin spheroids. Finally, we obtained the Clairaut-Radau 

equation from the Clairaut equation and calculated the gravitational Love number, 

which indicates rotational or tidal response to the exterior field. We have tested the 

formalism developed here by using the Chandrasekhar equation of state for white 

dwarfs. All the derived physical quantities are in accordance with the results in the 

literature. This result reinforces the validity of the assumptions and approximations 

applied in this work to formulate a method that takes into account the rotation in the 

context of hydrostatic equilibrium in Newtonian gravity. Eventually, on top of 

everything the procedure of computing the Keplerian mass-shedding angular velocity 

along with the scaling law of physical quantities have been presented for rotating 

configurations. In view of recent works [139, 140] on the so-called I-Love-Q 

relations in neutron stars and quark stars, it would be interesting to investigate these 

relations in white dwarf stars. This is considered in the section 5.  

In subsection 4.2, at first, we calculated the mass-radius relations for cold 

uniformly rotating WDs within the HF in GR using both the Chandrasekhar and 

RFMT EoS. We superposed our results with the estimated values of masses and radii 

obtained by Tremblay et al [111]. As a result we showed that the rotation along with 

the chemical composition are not sufficiently enough to explain all the observational 

data. Furthermore, to investigate WDs at finite-temperatures we considered a static 

case and solved the TOV equation numerically by using the Chandrasekhar EoS. 

We compared and contrasted our results with the estimated data from the 

observations and showed that the data, including the range of low masses, can be 

covered and described by taking into account the effect of finite temperatures alone. 

We have considered the effects of finite-temperatures and rotation separately.  

In all our computations we used the uniform temperature of the WDs core. To 

link this temperature with a real surface temperature of a WD we exploited the 

Koester formula [109] which establishes the relationship between the effective 

surface temperature and the core temperature. We found that most of the observed 

WDs core temperatures are lower than 10
8
 K (Fig. 4.18). More data are still needed to 
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confirm and extend our results. In view of recent discoveries of WDs by Koester and 

Kepler et al. [114] the theoretical study of these objects become more fascinating and 

overwhelming then ever before. 

Second, mass-radius and radius-central density relations of static and rotating, 

cold and hot WDs were calculated using the Chandrasekhar EoS in GR. The effects 

of finite temperatures were accounted for in the EoS. The effects of GR were 

involved the structure equations. The effects of rotation (deformation of a star, extra 

mass due to the balance of the centrifugal force and gravity) were investigated within 

the HF. It was shown that in the construction of a realistic model of WDs the effects 

of finite temperatures, GR and rotation must be accounted for properly. It was 

demonstrated that for low-mass WDs the effects of temperature are more prominent 

while the general relativistic effects are more important for massive WDs. Instead the 

rotation affects the structure of WDs in all mass ranges. Consequently, rotation gives 

an additional degree of freedom for cold and hot WDs, as expected. The mass-radius 

relations obtained in this work are consistent with observations [127]. Moreover, the 

effects of rotation and finite temperatures were considered together in all our 

calculations. Namely, we considered the temperatures of the isothermal cores of 

WDs. For comparison with the observed surface temperatures of WDs, the Koester 

formula must be used, which establishes the interrelation between the effective 

surface temperature and the temperature of the isothermal cores. 
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5  I-LOVE-Q RELATIONS FOR WHITE DWARF STARS 

 

As compared to Newtonian stars, the conditions determining the hydrostatic 

equilibrium of a star changes drastically when the full system of Einstein‟s equations 

is taken into account. In fact, in GR, the Newtonian equation of hydrostatic 

equilibrium for compact stars becomes modified to what is known as TOV equation. 

A general analysis of spherically symmetric compact stars, taking into account 

general relativistic effects, was performed in [152]. By considering an EoS valid for 

both non-relativistic and ultra-relativistic electron velocities, it was found that in the 

case of WDs, general relativistic effects lead only to small perturbations of the values 

obtained in NG. It follows that it is justified to use Newton‟s theory to investigate the 

essential part of the physical properties of WDs. In this section, we will follow this 

hypothesis. 

Although many approaches can be used to investigate the properties of compact 

stars in NG, a particularly useful method was proposed recently [120, 122] in which 

the relativistic HF is applied explicitly to solve the corresponding set of differential 

equations. The HF has been widely used in the scientific community to describe 

relativistic objects such as neutron stars, quark stars, and other exotic objects [43, 44, 

48]. One of the advantages of its application is that it is very intuitive from a 

geometric and a physical point of view, because it uses coordinates that are especially 

adapted to the shape and dynamics of rotating bodies. When applied to describe 

equilibrium configurations in NG, the HF transforms the dynamic equations to be 

solved into a system of ordinary differential equations. Moreover, it allows us to 

derive in detail all physically relevant quantities such as the total rotating mass 
totM , 

equatorial er  and polar pr  radii, angular momentum J , eccentricity e , ellipticity ϵ, 

rotational Love number  , moment of inertia I, and the quadrupole moment Q . All 

these parameters play a pivotal role in the investigation of the stability and the 

lifespan of WDs [147, 148, 16, 153, 17, 149]. 

In this section [154], we investigate the effects that rotation causes in the 

structure of WDs; namely, we construct the I-Q, I-e, Q-e, I-Love and Love-Q 

relations, and show that they are universal and independent of the equations of state 

for WDs. We focus on the case of slow and rigid rotation. We integrate the equations 

of structure for slowly rotating WDs numerically by using the Chandrasekhar and 

Salpeter equations of state [7, 133, 20, 155, 105 ]. In addition, we analyze the 

stability properties of WDs against the mass-shedding limit, the inverse β-decay 

instability, and the secular instabilities [16]. 

 

5.1 Equations of structure 

The method used to construct models for uniformly and slowly rotating 

relativistic stars is summarized briefly here. For details and derivations the reader 

may refer to [122, 120, 43 ], the notation of which we follow. The main idea consists 

in considering a spherically symmetric non-rotating compact object as starting point. 

Then, the rotation is considered up to the second order as a small perturbation of the 

non-rotating model [154]. 
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5.2 Stability criteria for rotatingwhite dwarfs 

5.2.1 Inverse β-decay instability 

The inverse β-decay instability allows us to determine the critical density which 

in turn defines the onset of instability for a WD to collapse into a neutron star. The 

inverse β-decay instability is crucial both for static and rotating configurations. It 

represents one of the boundaries of the stability region in rotating WDs [16]. 

In WDs, when the central density increases, the electrons become ultra-

relativistic and start interacting with protons in nuclei, thus forming neutrons and 

neutrinos as a byproduct. In order for this process to take place, the electron Fermi 

energy without the rest mass must be larger than the mass difference between the 

initial (Z, A) and the final (Z – 1, A) nucleus (see e.g. [20, 5]). This threshold energy 

is denoted as  Z
 and the corresponding central density as crit  for the Salpeter EoS. 

The empirical threshold energies along with possible decay channels are presented in 

Table 4.1 (see also [105] for more details). Since the internal pressure of the WD is 

determined by the pressure of the degenerate electron gas, configurations with 
 crit  become unstable, as a result of the electron capture process (see [156], [20] 

for details). 

 

Table 5.1 – Onset for the inverse β-decay of 
4
He, 

12
C, 

16
O and 

56
Fe. The experimental 

values of the threshold energies  Z
 have been taken from Table 1 of [157]; see also 

[158], [5]; [105] 
 

Decay  Z
 (MeV) crit  (g/cm

3
) 

4
He → 

3
H + n → 4n 

12
C → 

12
B → 

12
Be 

16
O → 

16
N → 

16
C 

56
Fe → 

56
Mn → 

56
Cr 

20.596 

13.370 

10.419 

3.695 

1.37×10
11    

3.88×10
10    

1.89×10
10    

1.14×10
9 

 

5.2.2 Mass-shedding limit 

The balance between the gravitational and centrifugal forces determines the 

maximum angular velocity of any astrophysical object. In addition, the deformation 

of the object must be also taken into account. Though for any rigidly rotating object 

the angular velocity is uniform throughout the object, the linear velocity reaches its 

maximum at the equator. Thus the equatorial plane will be first subjected to the mass-

loss or mass-shedding, making the star unstable. The Keplerian angular velocity also 

known as the mass-shedding velocity is determined as follows 

 

 .
3

e

tot
Kep

r

MG
  (5.1) 

 

In order to compute this quantity correctly, one needs to select a test value for the 

angular velocity, for example   30 / aMGtest  . Usually, Keptest  , hence one needs 
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to decrease gradually the values of 
test  and estimate Kep  successively, until 

Keptest 
 
with a given precision. For that purpose, in practice it is convenient to use 

the shooting method. 

The Keplerian angular velocity allows us to estimate the maximum angular 

velocity, mass, moment of inertia, and other parameters of the star. Moreover, it 

allows us to determine the stability region inside which rotating configurations can 

exist [16]. 

 

5.2.3 The turning-point criterion and secular axisymmetric instability 

In order to investigate the secular instability that emerges due to small 

perturbations, a turning point method was proposed in [145] for uniformly rotating 

relativistic stars. According to this method, the points where the secular instability 

sets in are located along a sequence of rotating stars with constant angular momentum 

and increasing central density. The condition 

 

 
 

0














Jc

c J,M




 (5.2) 

 

defines the onset of the secular axisymmetric instability. In the mass-central density 

diagram, the maximum mass of a constant J  sequence is a turning point. The 

configurations on the right-hand side of the turning point are secularly unstable and 

the configurations on the left-hand side are stable. Thus the boundary made of the 

turning points for different values of fixed J  separate stable from unstable stars (see 

[48]). It should be emphasized that the turning point of a constant J  sequence is a 

sufficient but not a necessary condition for secular instability. Consequently, for a 

constant angular momentum sequence it establishes an absolute upper bound for the 

mass [16]. 

 

5.3 Results and discussion 

In equilibrium, a rotating star attains a balance between pressure, gravitational 

and centrifugal forces. In classical physics, the magnitude of the centrifugal force is 

determined by the angular velocity   of the fluid relative to a distant observer. We 

adopt this angular velocity   as the mass shedding or the Keplerian angular velocity 

for the sake of generality [154]. 

In Fig. 5.1, the mass of a WD is shown as a function of the central density. The 

mass is given in units of one solar mass and the central density is given in 3/ cmg . We 

have selected two equations of state: the Chandrasekhar EoS with average molecular 

weight 2 , and the Salpeter EoS for pure helium 
4
He, carbon 

12
C, oxygen 

16
О and 

iron 
56

Fe WDs, as limiting cases. All solid curves indicate non-rotating (static) WDs, 

whereas all dashed curves indicate rotating WDs at the mass shedding rate. As 

expected, rotating WDs have larger masses with respect to their static counterparts. In 

all our computations we restricted the maximum values of the central density to the 

values of inverse β-decay density to fulfill the stability condition of WDs [105, 16]. 



109 
 

In addition, by using the turning point method, we investigated secular instability of 

the WDs. It turned out that in classical physics all uniformly rotating WDs are stable 

against axisymmetric secular instabilities. 

 

 
 

Figure 5.1 – Mass versus central density 

 

Fig. 5.2 shows the mass and equatorial radius relation. The equatorial radius for 

a static case reduces to the static radius. All legends in the plot are the same as in Fig. 

5.1 and hereafter we keep these legends in all our plots. Depending on the EoS and 

nuclear composition, WDs display different mass-radius relations. This explains the 

variety of observed WDs. Nowadays, we have data for more than thirty two thousand 

WDs and all of them have diverse characteristics [159, 160, 111, 161, 114]. 

 

 
Figure 5.2 – Mass versus radius 
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Figure 5.3 – Radius versus central density 

 

Fig. 5.3 shows the radius and central density relations of both rotating 

(equatorial radius) and non-rotating (static radius) WDs. For increasing central 

densities, the gap between equatorial and static radii is narrowed. Thus, WDs become 

more gravitationally bound and spherical.  

Fig. 5.4 illustrates the behavior of the normalized moment of inertia in terms of 

the static mass and the square of the static radius as a function of the central density. 

For lower densities, the difference in the moment of inertia between rotating and 

static WDs is quite large. However, for higher densities the difference becomes 

smaller. A different representation of the moment of inertia in terms of the total mass 

is given in Fig. 5.5, where one can see a similar behavior [154].  
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                             Figure 5.4 – Moment of inertia versus central density 

 

 
 

Figure 5.5 – Moment of inertia versus mass 

 

The total mass as a function of the angular momentum for rotating WDs is 

presented in Fig. 5.6. The dependence between mass and angular momentum is 

nonlinear. This is obvious for large values of the angular momentum. This is a very 

important fact, especially when one deals with its astrophysical implications.  

The rotating mass as a function of the angular velocity is presented in Fig. 5.7. 

As one can see, due to their compactness, massive WDs can reach higher values for 

the angular velocity than less massive stars. In addition, Fig. 5.7 shows the maximum 

rotation rate for a given mass [154]. 
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Figure 5.6 – Mass versus angular momentum 

 

       
 

Figure 5.7 – Mass in units of solar mass versus maximal angular velocity 

 

The angular momentum as a function of the angular velocity along the Keplerian 

sequence is given in Fig. 5.8. It should be noted that the angular momentum is not 

always directly proportional to the angular velocity. Depending on the mass, one can 

observe either spin-up or spin-down effects. WDs having mass close to the 

Chandrasekhar mass limit can experience both spin-up and spin-down effects [16, 

120 or 153]. 
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Figure 5.8 – Angular momentum versus maximal angular velocity 

 

The eccentricity of rotating WDs as a function of the central density is shown in 

Fig. 5.9. For higher densities, the eccentricity decreases and vice versa. Thus, WDs 

with increasing central density become more spherical as they approach their 

maximum mass. 

 

                   
 

Figure 5.9 – Eccentricity versus central density 

 

The normalized moment of inertia is shown as a function of the central density 

in Fig. 5.10. The behavior of both rotating and static moments of inertia is similar to  

the eccentricity. 

The normalized quadrupole moment as a function of the central density is shown 

in Fig. 5.11. Here the normalized quadrupole moment shows the same behavior as the 
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eccentricity and the moment of inertia. So, for more massive WDs it decreases as the 

radius decreases. 

 

 
 

Figure 5.10 – Normalized moment of inertia versus central density 

 

 
 

Figure 5.11 – Normalized quadrupole moment versus central density 

 

 

5.4 I-LOVE-Q and I-Q-e relations for white dwarfs 

First, we notice that an inspection of Figs. 5.9, 5.10 and 5.11 shows an intriguing 

correlation between the moment of inertia and the quadrupole moment as functions of 

the eccentricity of rotating WDs. We therefore analyze the behavior of the moment of 

inertia as a function of the eccentricity in Fig. 5.12, where the moment of inertia is 
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divided by 10
22

 cm
3
 for the sake of convenience. As expected, the moment of inertia 

increases with the eccentricity until it reaches a maximum value which depends on 

the angular velocity and composition of the star. This graphic does not present any 

especial peculiarities. However, the situation changes completely, if instead we 

consider the normalized moment of inertia  210MR/I  with respect to the static 

configuration. The result is presented in Fig. 5.13 for static and rotating stars. It 

shows an universal behavior for the I-e relation, independently of the EoS and 

nuclear composition of the WD.  

Note that in Figs. 5.12, 5.13, 5.16, 5.17 etc. we plot both static and rotating 

configurations together. This is because Hartle‟s approach allows one to calculate 

rotating configurations with the same central densities as the static ones. Hence it is 

always possible to display both static and rotating configurations in one diagram 

indirectly in terms of the central density. 

Consider now the quadrupole moment; in Fig. 5.14, we show its behavior as a 

function of the eccentricity. The value of the quadrupole is bounded, reaching a 

maximum value which depends on the nuclear composition of the star. Furthermore, 

in Fig. 5.15, we consider the normalized quadrupole  2100/ MRQ , where M  and R  

correspond to the static configuration. The universality of this Q-e relation is evident 

because no dependence can be observed neither from the EoS nor from the nuclear 

composition of the WD. 

We now consider the quadrupole moment as a function of the moment of inertia. 

This behavior is illustrated in Figs. 5.16 and 5.17. Similar to the previous cases for 

the I-e and Q-e relations, the Q-I relation displays the same trend, i.e., only for the 

normalized quantities one can establish the same universality, independently of the 

EoS.  

Finally, we investigate the I-Love-Q relations in Figs. 5.18, 5.19 and 5.20 which 

represent the dependence of the dimensionless moment of inertia I , the 

dimensionless Love number  , and the dimensionless quadrupole moment Q  on each 

other. We see that the I-Love-Q relations proposed by Yagi and Yunes [139] for 

relativistic objects are also true for white dwarf stars in classical physics.  

It should be stressed that it is always possible to display both static and rotating 

configurations for the moment of inertia in one plot in terms of the central density. 

However, if we display them as in Figs. 5.18, 5.19 and 5.20 they will overlap with 

each other and one cannot distinguish them; hence, we plot them using a different 

representation (see [154]for details). 
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Figure 5.12 – Moment of inertia versus eccentricity 

 

 

 
 

Figure 5.13 – Normalized moment of inertia versus eccentricity. 
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Figure 5.14 – Quadrupole moment versus eccentricity 

 

 

 
 

Figure 5.15 – Quadrupole moment normalized to the static mass  

and corresponding radius squared versus eccentricity 
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Figure 5.16 – Quadrupole moment versus moment of inertia 

 

 

 
 

Figure 5.17 – Normalized quadrupole moment versus normalized  

moment of inertia 
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Figure 5.18 – Dimensionless moment of inertia versus  

dimensionless Love number 

 

 

 
 

Figure 5.19 – Dimensionless quadrupole moment  

versus dimensionless Love number 
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Figure 5.20 – Dimensionless quadrupole moment versus  

dimensionless moment of inertia 

 

 

 
 

Figure 5.21 – Dimensionless moment of inertia versus dimensionless  

Love number. Here we included the moment of inertia of rotating WDs  

for the sake of comparison with the static one 

  

The relation between the dimensionless quantities is given as 

 

 
   ,

20

QI   (5.3) 
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where 
 0

I  is the moment of inertia of the static configuration. If we write it in 

physical units 

 

 ,
2


Q

   (5.4) 

 

where   is the angular velocity of the star, this equation is equivalent to Eq. (2.253) 

of [132, p. 118], namely, 

 

 ,
4

5

3

2 52

202 akGI 


  (5.5) 

 

where QI  5/402   is the quadrupole moment,   G/ak/ 5

232  is the rotational 

Love number, though it does not directly depend on  . Although this relation is very 

well-known in NG, it is astonishing that it holds also in relativistic regimes [139]. 

Regarding the relation between the quadrupole moment and eccentricity, it can be 

confronted with Eq.(2.260) of [132, p. 119], i.e., 

 

 ,
213

2 2

2

2
2 e

k

k
J


   (5.6) 

 

where  2

2 / MaQJ   is the dimensionless quadrupole defined as the normalization of 

the quadrupole moment in terms of the static mass and the square of the static radius. 

It then follows that there exist Q-e, I-Q and hence I-e-Q relations [154]. 

 

5.5 Summary 

In section 5, we numerically integrated the underlying differential equations in 

order to determine the structure of slowly rotating classical WDs in hydrostatic 

equilibrium. In particular, the relations for the mass, the shapes of rotating stars, the 

moment of inertia, and the quadrupole moment were established as functions of the 

central density and angular velocity for the Chandrasekhar and Salpeter equations of 

state. All these quantities play a fundamental role in describing the equilibrium 

configurations of uniformly rotating main sequence stars as well as massive stars. 

The results we obtained for the interdependence between mass, radius, density, etc. 

are in agreement with other works related to rigidly rotating WDs in NG.  

Furthermore, we considered all the stability criteria for rotating WDs and 

investigated only configurations that are stable against the mass-shedding limit, 

inverse β-decay instability and the axisymmetric secular instability. Unlike GR, in 

classical physics all WDs, even those composed of light elements such as helium 
4
He 

and carbon 
12

C, are stable against secular instabilities.  

In addition, by solving the Radau-Clairaut equation or, equivalently, by 

determining the function 2  for the deviation from spherical symmetry, we calculated 
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the rotational Love number and corroborated the I-Love-Q relations for rotating 

WDs. In doing this, we worked with the Chandrasekhar and Salpeter equations of 

state, selecting different nuclear compositions for the latter. In all diagrams, the WDs 

composed of pure iron 
56

Fe have very particular distinctive features. Nonetheless, this 

distinction disappeared in the I-Love-Q relation. We also investigated the dependence 

of the moment of inertia and the quadrupole in terms of the eccentricity. We found 

that the I-Q-e relation is universal because it does not depend on the EoS and on the 

nuclear composition of the WD. 

From the astrophysical standpoint, I-Love-Q-e relations are key points as just 

knowing only two of the parameters, one can extract the rest basic quantities. It 

would be interesting to investigate in the relativistic regime the I-Q-e relations and 

test other relations to be independent of the EoS. 

 

 



CONCLUSION 

 

The PhD dissertation presents results of the theoretical investigation of 

properties of equilibrium configurations of white dwarfs with a main focus on the 

effects of general relativity, finite temperatures, nuclear composition and rotation. 

The result obtained within the section of the PhD dissertation is presented in 

more detail at the end of the each section, respectively. The general results of the PhD 

dissertation in a short form are the following: 

1. The comparison of the exterior solutions of Einstein‟s gravitational field 

equations is considered. The relation of the approximate Kerr and Hartle-Thorne, 

Kerr and Fock, Hartle-Thorne and Sedrakyan-Chubaryan solutions were established. 

We have also proved the mathematical and physical equivalence of the Hartle-Thorne 

and Sedrakyan-Chubaryan solutions. We conclude that the Sedrakyan-Chubaryan 

solution can be considered as an alternative approach to describing the gravitational 

field of a slightly deformed stationary axially symmetric mass distribution in the slow 

rotation approximation. Moreover, the Sedrakyan-Chubaryan solution with its 

internal counterpart can be applied to various astrophysical problems together with 

the Hartle-Thorne solution on equal rights. 

2. Equilibrium configuration of static white dwarfs are investigated in general 

relativity. It is shown that the effects of general relativity play an important role near 

the Chandrasekhar limit, more precisely, for large masses and small radii, in strong 

gravitational fields. However, it is also shown that the difference between Newtonian 

gravity and general relativity decreases for small masses and large radii due to the 

weakness of the gravitational field. In addition, the analytical expression for the 

Newtonian and general relativistic mass-radius relation has been found and its 

accuracy has been estimated. 

Equilibrium configuration of static white dwarfs is investigated taking into 

account the effects of finite temperatures. It is necessary to take into account the 

effects of finite temperatures in white dwarfs with low masses. The consideration of 

the effects of temperature can explain observational data from Sloan Digital Sky 

Survey Data Release 4. Moreover, the core temperatures have been estimated for 

white dwarfs – satellites of the millisecond pulsars PSR J1738+0333, PSR 

J1012+5307 and PSR J1911-5958A. 

Equilibrium configuration of static white dwarfs is considered taking into account 

the nuclear composition. It is shown that taking into account nuclear composition, 

neutronization threshold, the Thomas-Fermi corrections and Coulomb interactions is 

very important to describe some white dwarfs in the catalogues of the SDSS DR 10 

and 12. In addition, the WD characteristics from the SDSS DR 4, 10 and 12 are 

analyzed. The histogram and the Gaussian distribution of mass and radius are 

constructed for the catalogues. The maximum, minimum and average values of the 

logarithm of the surface gravity, effective temperature, mass and radius are defined. 

The theoretical mass-radius relations are compared with the observational data. 

3. Equilibrium configuration of cold and hot rotating white dwarfs is considered 

both in Newtonian gravity and general relativity. We show that The effects of 

temperature are more prominent for low-mass white dwarfs while the general 
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relativistic effects are more important for massive white dwarfs, however, the effects 

of rotation and nuclear composition affect the structure of white dwarfs in all mass 

ranges. Thereby, in order to construct a realistic model of white dwarfs the effects of 

finite temperatures, general relativity and rotation must be accounted for properly. 

   4. The I-Love-Q relations were corroborated for rotating WDs. In doing this, 

we worked with the Chandrasekhar and Salpeter equations of state, selecting different 

nuclear compositions for the latter. In all diagrams, the WDs composed of pure iron 

have very particular distinctive features. Nonetheless, this distinction disappeared in 

the I-Love-Q relation. We also investigated the dependence of the moment of inertia 

and the quadrupole in terms of the eccentricity. We found that the I-Q-e relation is 

universal because it does not depend on the EoS and on the nuclear composition of 

the WD. 

The research tasks posed at beginning of the PhD dissertation are completely 

fulfilled and the purpose of the dissertation achieved.  

The results obtained in the PhD dissertation can be directly used in the further 

investigations in astronomy, relativistic astrophysics, physics of compact objetcs and 

cosmology, thus it is valuable for the development of the field of study.  
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