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Report on the PhD thesis
“The spectrum of certain singular integral operators on symmetric spaces”
by Bakytzhan Ozbekbay

The study of Singular Integral Operators has been since long a classical and important topic, arising
both from theoretical problems and from problems in mathematical physics. It has connections to Func-
tional Analysis and Operator Theory, Integral Equations, and Harmonic Analysis, as well as Functions
Space Theory, in particular, to Symmetric Spaces. As the core of these studies is the Spectral Theory.

The memoir by B. Ozbekbay focuses on operators related to the Hilbert transform and to the gen-
eralized Cesaro operator, acting on symmetric spaces. A central outcome of the memoir is the analysis
of how the spectrum of the operator depends on the structure of the underlying space, in particular, on
the Boyd indices of the symmetric space. This is the natural way to undertake the investigation beyond
the classical Lebesgue spaces. Mathematically it is highly nontrivial as it addresses a rather wide family
of spaces. It is expected, the situation is more complicate than in the Lebesgue case.

The memoir consists of an Introduction and three chapters. The Introduction presents the motivation,
objectives, and current state of the topic. The first chapter contains the necessary preliminaries on
symmetric spaces, Lorentz spaces, Boyd indices, and the spectral theory of bounded linear operators.
The second chapter is devoted to Hilbert transform and extends known spectral results from classical
spaces to the class of symmetric spaces. The third chapter studies generalized Cesaro operators and
related spectral problems, by using tools of functional analysis, in particular, methods of semigroup of
operators.

The memoir demonstrates that the author has a solid command of modern methods of functional
analysis and is able to apply abstract operator-theoretic techniques to concrete problems. The main
results are formulated clearly, and the proofs are mathematically correct. The scientific novelty of the
memoir lies on obtaining new spectral results for singular integral operators on symmetric spaces and
in clarifying the influence of the Boyd indices of these spaces on the spectral description.
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In my opinion, the memoir is sound scientific work, developed at a high academic level. It contains new
and relevant results on functional analysis and operator theory, and it meets the requirements imposed
on PhD dissertations.

Therefore, I consider that the memoir of Bakytzhan Ozbekbay on the topic “The spectrum of certain
singular integral operators on symmetric spaces” satisfies all the requirements for the degree of Doctor
of Philosophy (PhD) in the specialty “8D05404 Pure and Applied Mathematics”.

My decision is to “Award” the degree.

Guillermo P. Curbera

Professor in Mathematical Analysis
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«CHMMeTPHSIBIK KeHiCTiKkTepaeri keHOip CHHIYIspIbl HHTErPAJIAbIK
onepaTopJapAbIH CHeKTPi» TaKbIphIObIHAaFbl 030eKxbaii bakbITXRAHHBIH
AMCCEePTALMSICHIHA MIKip

CHHTYJISIpJIbl HHTETPAIBbIK ONepaTopaapibl 3€pTTey €pTEeAEH TEOPUSIIBIK MaceelepieH
e, MaTeMaTUKalbIK (U3KnKagarsl KoJaaaHOabl MocenenepaeH A€ TybIHAANTHIH MaHbI3/Ib
opi KnmaccukainblK OarbiT Gonbin Tabblnaibl. byn cama (yHKUHMOHAIABIK aHanu30eH,
omepaTopiap TEOPUsACHIMEH, MHTErPANABIK TEHICYJNEPMEH, FapMOHMKAJBIK aHaIu30eH
JKoHE (YHKLMANBIK KEHICTIKTEp TEOPHSCBIMEH, ocipece CUMMETPHAIIBIK KEHICTiKTep
TEOPUACHLIMEH ThIFbI3 GainaHblicTbl. OCBl 3epTTEYNEpliH HEri3iHAe CNEKTPIiK Teopus
XKaThIP.

B. Oz0exbaiiaplH AWcCepTalMsIBIK JKYMbICHl [mnp0epT TypieHaipyiMeH KoHe
KannbulaHFad Yeszapo orepaTopbiMeH OaliaHBICTBl ONEpaTopiapibl CUMMETPHSIIBIK
KeHicTikTepie 3epTTeyre apHairaH. J{MccepTalMsAHBIH HErisri HoTWiKenepiHin Oipi —
onepaTop CMEeKTPiHiH KEHICTIKTIH KYpbUIBIMBIHA, dCipece CHMMETPHMSJIBIK KEHICTIKTIH
Boiin MHaexcTepiHe Kanaii Toyenai GoJaThIHBIH Tangay Oounbin Tabbuianel. byn JleGer
KEHICTIKTEpiHEH THIC JKargaiiapisl 3epTTEYiH TaOUFU JKOJBI OOJbIN CaHajajbl.
MatemaTuKalbIK TYpFbIIaH Oyl oTe KypAeii Mocele, OHTKeHi 0Nl KEHIiCTIKTepiH enayip
KEeH KJIaCbIH KaMTHbI.

Jlucceprauus KipicneseH skoHe yun Tapayiad typaasl. Kipicnene sepTreyin e3exTiiiri,
MaKcaTTapbl JKOHe TaKbIPBINTBIH Kasipri >karjaiibl GasgHpjanrad. bipinwi Tapayna
CUMMETpUANBIK KeHicTikrep, JlopeHu keHictikrepi, Boin nuaexcTepi xoHe LIeHereH
CBHI3BIKTHIK ONEPaTOpNapblH CHEKTPIiK TEOPUAChl JKOHIHJAEri KaKeTTi aljblH aja
moniMerTep Kenripinred. Ekinmi Tapay I'unpbepr TypienuipyiHe apHajifaH >XoHe
KJIACCUKAJBIK ~ KEHiCTiKTepae Oenriii  CHEeKTpIiK  HOTHXKENIepAi  CHMMMETPHUSIIBIK




KEHICTIKTep KJIacklHa O>Kaimeulaiabl. YwiHmi Tapayma okanneliadrad — Yeszapo
oreparopiapbl MEH OJIapFa KaThICThI CIIEKTPIIIK Macelelep 3epTTenei.

Jlucceprauusi aBTOPAbIH Kasipri 3aMaHFbl (YHKLMOHANJBIK AHAINU3 OMICTEPIH YKAKCHI
MEHTePreHiH JKOHE orepaTopiap TEOPUACHIHBIH a0CTPaKTiNi TICINAEpiH HAKTHI ecenTepre
KOJJlaHa alaThlHBIH KepcereAi. Herisri HoTwkenep aHBIK opi TYCIHIKTI Typae
TYKBIDBIMIAJIFAH, ajl JoNeNjeylep MaTeMaTUKalblK TYpPFBIAAH JYphIC OepijireH.
JKYMBICTBIH ~ FBUIBIMM  JKAHAJIBIFBl  CUMMETPMSUIBIK ~ KEHICTIKTepleri CHHIYJISAPIIBIK
MHTErpajiiblK oreparopyiap YIIiH JKaHa CIEKTPJiK HOTHXKENEp alyblHJa JKOHE OCHI
KeHICTiKTepAiH Boiil MHAeKcTepiHiH CHEKTpNiK cumarTamMara oCepiH HaKThLIaybIHAA
KATBIP.

MeHiH mikipimiue, OyJl JuccepTalusi >KOFapbl aKaJeMUsJIBIK JeHrelae OpblHIaIFaH
canmajnbl FBUIBIMU OKyMmblc Oojbin TaOblnagel. OHaa (GYHKUMOHANABIK aHanu3 OeH
omnepaTopiap TEOPUACH! cajanapbl YIIiH jKaHa opi MaHbI3/Ibl HOTHIKEEp alblHFaH JKOHE
s#yMeic PhD auccepranumsnapblHa KOHBUIATBIH TajlanTapFa TOJBIK COlKec Kenei.

Connpiktan MeH baxbimkan O36exOaiinblH «CUMMETPUANBIK KeHICTiKTepaeri Kehoip
anr'ynﬂpm:n( MHTEerpaiablK oreparopiap/blH CIIEKTpI» TaKbIPbIOBIH/IAF bl
aucceprauusacel «8D05404 — Ipreni jkoHe KosnzaHOaidbl MaTeMaTHKa» MaMaHbIFbI
doiibiHIa Punocodus noxropsl (PhD) nopekecin Gepyre nalbIKTBI A€ eCenTeiMiH.

KopbiThiHAbl  1emwiMiM:  ¢unocopus  mokropsl  (PhD)  nmopexecin  Oepy.

T'uibepmo I1. Kyp6epa
MaTeMaTHKaJbIK aHaJI1u3 podeccopsl
CeBusiba yHUBepcUTeTi xkaHe IMUS
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